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In this paper, we present extensively the observational consequences of massless dilaton theories
at the post-Newtonian level. We extend previous work by considering a general model including
a dilaton-Ricci coupling as well as a general dilaton kinetic term while using the microphysical
dilaton-matter coupling model proposed in [Damour and Donoghue, PRD 2010].
We derive all the expressions needed to analyze local gravitational observations in a dilaton
framework, which is useful to derive constraints on the dilaton theories. In particular, we present
the equations of motion of celestial bodies (in barycentric and planetocentric reference frames), the
equation of propagation of light and the evolution of proper time as measured by specific clocks.
Particular care is taken in order to derive properly the observables. The resulting equations can be
used to analyse a large numbers of observations: universality of free fall tests, planetary ephemerides
analysis, analysis of satellites motion, Very Long Baseline Interferometry, tracking of spacecraft,
gravitational redshift tests, . . .
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Keywords: modified gravity, ephemerides, range, doppler, astrometry, equivalence principle, tests of gravity
I. INTRODUCTION
A general feature of all string and superstring theory
models is the presence of a massless scalar partner to
the metric called dilaton [1]. Perturbative calculations
in the context of string theory show that the effective
bosonic action should correspond to a “general” scalar-
tensor theory [2, 3]. This means that the dilaton field
has gravitational strength, that it couples to the Ricci in
the effective action (in the string frame) and that its ki-
netic term is not necessarily canonical. Besides, the dila-
ton is non-minimally coupled to the gauge-matter sector
[1, 3, 4]. Unfortunately, the precise form of the various
couplings in the effective action is not known and there-
fore it is impossible for now to rule out this type of theory
per se. However, one can derive the rich phenomenology
resulting from such non-minimal couplings and constrain
them with observations and experiments.
In [5, 6], Damour and Donoghue introduced a specific
modeling for the coupling between the dilaton and matter
at the microscopic level. In addition, using new results
from nuclear physics, they derived an equivalent phe-
nomenological macroscopic modeling allowing to make
theoretical predictions of equivalence principle violating
effects [5, 6]. In their dilaton-matter coupling model,
the dilaton couples directly to the trace-anomaly of the
quantum chromodynamics (QCD) sector, which simpli-
fies the analysis by coupling the dilaton directly to the
QCD renormalization group invariant mass scale Λ3, ef-
fectively responsible for most of the mass of hadrons [7].
In addition, the dilaton couples also to the fine structure
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constant and to the fermion masses (electron and the
quarks up and down).1 In total, 5 coefficients charac-
terize the coupling of the dilaton to matter and they can
directly be related to the masses of fermions, to the QCD
invariant mass scale and to the fine structure constant.
In [5, 6], a simple gravitational part of the action
formed only by the Ricci scalar (i.e. the standard
Einstein-Hilbert action) is used to derive observational
consequences of the dilaton-matter coupling. In partic-
ular, no Ricci-dilaton coupling or non-canonical kinetic
term for the dilaton has been considered. However, ac-
tual string loop expansions seem to indicate a more com-
plicated gravitational sector in the string frame [2, 3].
Therefore, the present paper proposes to use the re-
cent results of Damour and Donoghue regarding dilaton-
matter modeling in order to derive the post-Newtonian
phenomenology of a massless dilaton theory with a gener-
alized gravitational sector. The resulting phenomenology
is slightly richer and a specific situation exhibits a decou-
pling which leads to a strong reduction of the deviations
from General Relativity (GR). This decoupling is studied
separately in [8].
Testing GR and constraining alternative theories of
gravity have been long-standing efforts in the last
decades. In particular, local tests of gravitation have
been widely used to test the fundamental principles of
GR [9–21] (for a detailed review, see [22]). The main
goal of this paper is to present all the relevant equations
in order to analyze weak gravitational field observations
within the framework of dilaton theories. Dilaton the-
1 Effects of the mass of heavy quarks and of the weak interaction
are integrated out in the chiral perturbative framework consid-
ered by Damour and Donoghue [7].
2ories break the Einstein Equivalence Principle (EEP),
which means that one has to be very careful when de-
riving observables. Deviations from GR produced by
the dilaton can be classified into two classes: (i) devi-
ations parametrized by the standard parametrized post-
Newtonian (PPN) formalism [22, 23] and (ii) violations
of the EEP. Both these effects need to be considered
simultaneously in data analysis. In the present paper
we present all the equations needed for a data analysis:
equation of motion of celestial bodies (expressed either in
a barycentric reference frame or in a local planetocentric
reference frame), equation of light propagation and the
corresponding effect on range, Doppler and astrometric
observables, evolution of the proper time as measured
by specific clocks. We also show how to express all the
observables properly. All these results will be helpful for
the implementation of data analysis in order to constrain
dilaton theories correctly.
In Sec. II, we briefly summarized the microscopic
dilaton-matter modeling from Damour and Donoghue [5,
6] and the corresponding phenomenological macroscopic
model associated. In Sec. III, we present the action con-
sidered in this paper. We also introduce briefly the de-
coupling mentioned above and fully studied in [8]. We
derive the field equations and their post-Newtonian solu-
tions. The calculations done in this section are similar to
the ones that can be found in [24–26]. Sec. IV is devoted
to the derivation of the equations of motion of massive
bodies. A particular care has been taken to rescale the
gravitational constant and the masses of the bodies in
order to absorb terms that are unobservable and to de-
rive equations of motion that can be used in practice. In
Sec. V, we study the propagation of light. Both the equa-
tions of motion of massive bodies and the propagation of
light are coordinates dependant. In Sec. VI, we show how
to express proper observables in dilaton theories. In par-
ticular, observables related to clocks (range and Doppler)
are developed carefully since they depend on the compo-
sition of clocks used for the measurement. In Sec. VII,
we present several applications where all this formalism
can be used: local measurement of a differential acceler-
ation of two test masses, test of the gravitational redshift
with a comparison of two clocks, planetary ephemerides
analysis, ephemerides of satellites motion (Lunar Laser
Ranging, artifical satellites around Earth and around
other planets and natural satellites around other planets)
and Very Long Baseline Interferometry (VLBI). Sec. VIII
particularizes some of the results to specific cases of the
action and compares the results with the literature. Fi-
nally, we present our conclusion in Sec. IX.
II. DAMOUR AND DONOGHUE
DILATON-MATTER COUPLING MODEL
A. Linear coupling
Let us remind the main result from [6]. One uses a phe-
nomenological microscopic model for matter including a
dilaton-matter coupling described by
Smat[gµν , ϕ,Ψi] = SSM[gµν ,Ψi] + Sint[gµν , ϕ,Ψi] , (1)
where SSM represents the Standard Model Lagrangian
depending on the matter fields Ψi, gµν is the space-time
metric and ϕ is the scalar dilatonic field. The interacting
part of the Lagrangian is parametrized by2
Lint = ϕ
[ de
4e2
FµνF
µν − dgβ3
2g3
FAµνF
µν
A (2)
−
∑
i=e,u,d
(dmi + γmidg)miψ¯iψi
]
.
with Fµν the standard electromagnetic Faraday tensor,
e the electric charge of the electron, FAµν the gluon
strength tensor, g3 is the QCD gauge coupling, β3 de-
notes the β function for the running of g3, mi the mass
of the fermions (electron and light quarks), γmi the
anomalous dimension giving the energy running of the
masses of the QCD coupled fermions and ψi the fermions
spinors. The coefficients di are dimensionless constants
that parametrize the interaction between the dilaton and
matter. The dilaton coupling coefficients di have a phys-
ical interpretation [6] since they parameterize a linear
scalar field dependance of the following parameters: the
fine structure constant (for de), the mass of the electron
(for dme), the mass of the quarks up and down (for dmu
and dmd) and the QCD mass scale Λ3 (for dg). It has to
be noted that in this effective model, the dilaton is di-
rectly coupled multiplicatively to the QCD trace anomaly
T anomg =
β3
2g3
(
FA
)2
+
∑
i=e,u,d γmimiψ¯iψi .
Damour and Donoghue have shown that the micro-
scopic action (1) can be phenomenologically replaced
at the macroscopic level by an action describing point
masses
Smat[gµν , ϕ,Ψi] = −c2
∑
A
∫
A
dτ mA(ϕ) , (3)
where dτ is the proper time defined by c2dτ2 =
−gαβdxαdxβ . The effects produced by the coupling of
the dilaton to matter is encoded in the coupling function
αA(ϕ) =
∂ lnmA(ϕ)
∂ϕ
. (4)
2 Note that the scalar field ϕ is dimensionless and is related to the
scalar field φ used in [6] by ϕ = κ˜φ with κ˜2 = 4piG/c4.
3Within their model, they compute the expressions of the
coupling coefficients αA that are given by
αA(ϕ) ≃ d∗g + α¯A , (5a)
where d∗g is a constant independant of the composition of
the body given by
d∗g ≃ dg + 0.093(dmˆ − dg) + 0.000 27 de , (5b)
and where α¯A depends on the constants di and on the
physical properties (or composition) of the body A. The
semi-analytical expression of α¯A has been fully derived
in [6] and reads
α¯A ≃ [(dmˆ − dg)Q′mˆ + deQ′e]A , (5c)
where dmˆ corresponds to the contribution of the symmet-
ric combination of the light-quark masses
dmˆ =
dmdmd + dmumu
md +mu
(5d)
and where the “dilatonic charges” read
Q′mˆ = −
0.036
A1/3
− 1.4× 10−4Z(Z − 1)
A4/3
, (6a)
and
Q′e = +7.7× 10−4
Z(Z − 1)
A4/3
, (6b)
where A and Z are the mass and atomic numbers respec-
tively. It has to be stressed that the approximation (5)
is not suitable for single nucleons or light isotopes. For
them, one should rather use the complete formula given
in [6] (see Appendix A).
This result is general and independent of the gravita-
tional part of the action. The important point lies in the
correspondance between the microphysics action (1) suit-
able to describe microscopic interaction and the macro-
phyiscs phenomenological action (3) suitable for deriv-
ing equations of motion and osbervables. However, one
has to notice that the action (1) is already effective (or
phenomenological) at some level since the QCD trace
anomaly appears explicitely in it.
B. Non-linear coupling
A straightforward generalization of the Damour-
Donoghue model is to consider non-linear couplings be-
tween the dilaton and matter. The corresponding inter-
acting part of the Lagrangian would therefore write
Lint =
[
De(ϕ)
4e2
F 2 − Dg(ϕ)β3
2g3
(
FA
)2
(7)
−
∑
i=e,u,d
(
Dmi(ϕ) + γmiDg(ϕ)
)
miψ¯iψi
]
,
where Di(ϕ) are functions of the scalar field. We suppose
here that Di(ϕ0) = 0 with ϕ0 the background value of
the scalar field. A non-vanishing value of Di(ϕ0) would
simply lead to a rescaling of the five parameters: fine
structure constant, masses of the electron and of the up
and down quarks and of the QCD mass scale Λ3.
In this case, one can replace the matter action by a
standard point particle whose mass depends on the scalar
field mA(ϕ) through the quantity
αA(ϕ) =
∂ lnmA(ϕ)
∂ϕ
. (8)
The results of Damour and Donoghe now becomes
αA(ϕ) ≃ D∗g ′(ϕ) + α¯A(ϕ) , (9a)
where the prime denotes the derivative with respect to
ϕ,
D∗g
′(ϕ) = D′g(ϕ)+0.093
(
D′mˆ(ϕ)−D′g(ϕ)
)
+0.000 27D′e(ϕ) ,
(9b)
and
α¯A(ϕ) =
[(
D′mˆ(ϕ)−D′g(ϕ)
)
Q′mˆ +D
′
e(ϕ)Q
′
e
]
A
, (9c)
with the dilatonic charges defined by Eqs. (6).
The post-Newtonian phenomenology of a dilaton non-
linearly coupled to matter will depend on a new quantity
(that vanishes in the case of linear coupling) given by
βA(ϕ) =
∂αA(ϕ)
∂ϕ
≃ D∗g ′′(ϕ) + β¯A(ϕ) , (9d)
with
β¯A(ϕ) =
[(
D′′mˆ(ϕ)−D′′g (ϕ)
)
Q′mˆ +D
′′
e (ϕ)Q
′
e
]
A
. (9e)
III. ACTION, FIELD EQUATIONS AND THEIR
POST-NEWTONIAN SOLUTIONS
In the following, we consider a general gravitational
part in the action, such that the action reads
S =
1
c
∫
d4x
√−g
2κ
[
f(ϕ)R − ω(ϕ)
ϕ
gµν∂µϕ∂νϕ
]
+Smat[gµν , ϕ,Ψi] , (10)
with κ = 8piG/c4, R the Ricci scalar and f(ϕ) and ω(ϕ)
two functions of the scalar field. The gravitational part of
this action is a generalization of the one used by Damour
and Donoghue [6], in which f(ϕ) = 1 and ω(ϕ) = 2ϕ.
Except for the scalar-matter coupling, it corresponds to
a general Brans-Dicke action [27]. The matter part of
the action is given by Eq. (1) with the matter-dilaton
interaction described by the generalization of Damour-
Donoghue model [6] parametrized by Eq. (7). As men-
tioned in Sec. II, the matter action can be replaced phe-
nomenologically by the action (3) with Eq. (9). One can
4derive and solve the field equations in this frame,3 which
is sometimes known as the “string frame”. Instead, it
is more convenient to perform a conformal transforma-
tion and solve the field equations in the so-called Einstein
frame where calculations are much easier [24].
A. On a specific model with a decoupling
Sec. II suggests to introduce a new decomposition of
the phenomenological mass mA(ϕ) of particles as
mA(ϕ) = e
D∗g (ϕ)m¯A(ϕ) , (11)
where the first term is identical for all bodies and is com-
position independant and the second part is entirely com-
position dependant. This decomposition is coherent with
Eqs. (5a) and (9) with
∂ ln m¯A(ϕ)
∂ϕ
= α¯A(ϕ) . (12)
One can introduce a new metric conformally related to
the original metric gµν through
g¯µν = e
2D∗g(ϕ)gµν . (13)
In this frame, the action becomes
S =
1
c
∫
d4x
√−g¯
2κ
[
e−2D
∗
g (ϕ)f(ϕ)R¯−
e−2D
∗
g(ϕ)
(
6
(
D∗g
′(ϕ)
)2
+
ω(ϕ)
ϕ
)
g¯αβ∂αϕ∂βϕ
]
− c2
∑
A
∫
A
d τ¯ m¯A(ϕ) . (14)
This frame corresponds to a frame in which matter is
the least coupled (to the scalar field), such that the cou-
pling is effective only through terms that are composition
dependent.
From this observation, it is important to realize that
there is a specific model where the original Ricci-scalar
coupling f(ϕ) can be completely absorbed by the compo-
sition independent matter-scalar coupling. Indeed, this
specific model is characterized by
f(ϕ) = e2D
∗
g (ϕ) . (15)
The consequences of this equality are developed thor-
oughly in [8]. But one should note that in this case,
the newly introduced frame corresponds exactly with the
Einstein frame (see Sec. III B).
3 The word “frame” is sometimes replaced by the word “represen-
tation” in the literature in order to mark the difference between
conformal frames and reference frames. In this paper, the word
“frame” alone refers to a conformal frame. A reference frame
will be explicitely named so in order to avoid any confusion.
Note that an expansion of the condition (15) around
the scalar field background value ϕ0 gives
f0 = e
2D∗g0 , (16a)
f ′0
f0
= 2D∗g0
′ , (16b)
f ′′0
f0
−
(
f ′0
f0
)2
= 2D∗g0
′′ , (16c)
where the subscripts 0 will refer to quantities depend-
ing on the scalar field evaluated at its background value:
X0 = X(ϕ = ϕ0). We shall see that these conditions
lead to a decoupling in the post-Newtonian dilaton phe-
nomenology which therefore tends to reduce strongly de-
viations from GR [28, 29] (see Sec. VIII C).
Finally, it is important to realize that there is a rescal-
ing of all units related to the conformal transformation.
In particular, the background value of the gravitational
constant in this frame units will be rescaled as [30]
G¯ = e2D
∗
g(ϕ0)G . (17)
B. Einstein frame action and field equations
One can use a conformal transformation in order to
write the action in a form where the kinetic part related
to the metric is the one of General Relativity. Such a con-
formal frame is called the Einstein frame. Moreover, one
can rescale the scalar-field such that its kinetic part be-
comes canonical. The action in this frame with a rescaled
scalar field φ reads
S =
1
c
∫
d4x
√−g∗
2κ∗
[R∗ − 2gµν∗ ∂µφ∂νφ]
+
1
c
∫
d4x
√−g∗L∗mat
[
f0
f(ϕ)
g∗µν , φ,Ψi
]
(18)
where the stars denote quantities in the Einstein frame
and where the conformal transformation is defined by
g∗µν =
f(ϕ)
f0
gµν , (19a)
L∗mat =
(
f0
f(ϕ)
)2
Lmat , (19b)
κ∗ =
8piG∗
c4
=
κ
f0
=
8piG
c4f0
, (19c)
and where we have introduced a rescaled scalar field φ
which depends on the original one by
dφ
dϕ
=
√
Z(ϕ)
2
, (20)
with
Z(ϕ) =
ω(ϕ)
ϕf(ϕ)
+
3
2
(
f ′(ϕ)
f(ϕ)
)2
. (21)
5The resulting field equations write [3, 24]
R∗µν = κ∗
(
T ∗µν −
1
2
g∗µνT
∗
)
+ 2∂νφ∂µφ , (22a)
∗φ = −κ∗
2
σ∗ (22b)
where
T ∗µν = −
2√−g∗
δ
√−g∗L∗mat
δgµν∗
, (23a)
σ∗ =
δL∗mat
δφ
. (23b)
C. Bodies as point particles
As mentioned in Sec. II, one can use a point particle
action at the macroscopic level which can be written as
Smat = −c2
∑
A
∫
A
mA(ϕ)dτ = −c2
∑
A
∫
A
m∗A(ϕ)dτ∗ ,
(24)
where the two masses are related to each others by
m∗A(ϕ) =
√
f0
f(ϕ)
mA(ϕ) . (25)
Note that in particular m∗A(ϕ0) = mA(ϕ0). This matter
action can be written from a Lagrangian density
L∗mat = −
∑
A
ρ∗A = −
∑
A
c2m∗A(ϕ(x
µ))√−g∗u0∗
δ(3)(xi−xiA(x0)) ,
(26)
where ρ∗A is the energy density, u
α
∗ = dx
α/cdτ∗ is the Ein-
stein frame 4-velocity, xiA is the trajectory of the particle
A while δ(3) is the 3D Dirac distribution.
This matter modelling leads to the following expres-
sions of the source terms (23) of the field equations (22)
T µν∗ =
∑
A
T µν∗A =
∑
A
ρ∗Au
µ
∗Au
ν
∗A , (27a)
T∗ =
∑
T ∗A = −
∑
ρ∗A = L∗mat , (27b)
σ∗ = −
∑
A
ρ∗Aα
∗
A =
∑
A
α∗AT
∗
A , (27c)
where
α∗A(φ) =
∂ lnm∗A(φ)
∂φ
=
∂ lnm∗A(φ)
∂ϕ
√
2
Z(ϕ)
. (28)
Using the relation (25) and the decomposition from
Eqs. (11) and (12), one can write
α∗A(φ) = α(φ) + α˜A(φ) , (29a)
with
α(φ) =
√
2
Z(ϕ)
[
D∗g
′(ϕ)− 1
2
f ′(ϕ)
f(ϕ)
]
(29b)
α˜A(φ) =
√
2
Z(ϕ)
α¯A(ϕ) , (29c)
where ϕ now depends on φ through Eq. (20). One can
directly see that the decoupling mentioned in Sec. III A
leads to α(φ) = 0.
The term α(φ) is coming from the Ricci-scalar cou-
pling and from the composition independent part of the
matter-scalar coupling. The second part α˜A(φ) is com-
ing from the composition dependent part of the matter-
coupling and is responsible for the violation of the EEP.
Obviously, if this last term vanishes the theory will not
exhibit any violation of the universality of free fall.
D. Post-newtonian solution to the field equations
One of the main advantages of the Einstein frame
lies in the simplicity of calculations to solve the field
equations. In particular, using a similar method as the
one used in [24, 31–37], one can show that the post-
Newtonian metric can be parametrized as follows
g∗00 = −1 + 2
w∗
c2
− 2w
2
∗
c4
+O(1/c6) , (30a)
g∗0i = −4
wi∗
c3
+O(1/c5) , (30b)
g∗ij = δij
(
1 + 2
w∗
c2
)
+O(1/c4) . (30c)
The post-Newtonian gravitational potential w∗ and w
i
∗
are then solution of the field equations and, using the
harmonic gauge,4 are given by (the derivation can be
found for instance in [24])
4 One should note that the harmonic gauge is imposed here in the
Einstein frame while other authors may have been imposing it
in other frames (see [38] for instance). It has to be noted that
our choice is based on the simplicity of the field equations in the
former case. Indeed, imposing the harmonic gauge in any other
frame than the Einstein one would be incompatible with the
simple form of the metric (30) which satisfies the strong isotropy
condition defined in [31], and the field equations would therefore
be appreciably more complicated. See for instance the discussion
in [37].
6w∗(x
µ) = w0∗ − 1
c2
∆∗ +O(1/c4) , (31a)
wj∗(x
µ) =
∑
A
G∗m
∗
A0v
j
A
rA
+O(1/c2) , (31b)
φ = φ0 −
∑
A
α∗A0
G∗m
∗
A0
c2rA
+
∑
A
G∗m
∗
A0
2c4rA
α∗A0
[
rA.aA +
(rA.vA)
2
r2A
]
+
∑
A
G∗m
∗
A0
rAc2
∑
B 6=A
G∗m
∗
B0
rABc2
[
α∗A0 + α
∗2
A0α
∗
B0 + β
∗
A0α
∗
B0
]
+O(1/c6) . (31c)
where w0∗ is the Newtonian potential
w0∗ =
∑
A
G∗m
∗
A0
rA
, (32)
and ∆∗ is a generalization of the ∆ appearing in the IAU
conventions [35]
∆∗ =
∑
A
G∗m
∗
A0
rA
[
rA.aA
2
+
(rA.vA)
2
2r2A
− 2v2A
+
∑
B 6=A
(1 + α∗A0α
∗
B0)
G∗m
∗
B0
rAB
 . (33)
In the previous expressions, m∗A0 = m
∗
A(ϕ0) = mA0,
rA = x − xA(x0), rA = |rA|, rAB = xB − xA, vA =
dxA/dt and aA = dvA/dt.
Finally, the β∗A coefficient that appears in the expres-
sion of the scalar field is given by
β∗A(φ) =
∂α∗A(φ)
∂φ
= β(φ) + β˜A(φ) , (34a)
with
β(φ) =
∂α(φ)
∂φ
=
2
Z(ϕ)
[
D∗g
′′(ϕ)− 1
2
f ′′(ϕ)
f(ϕ)
+
1
2
(
f ′(ϕ)
f(ϕ)
)2]
(34b)
− Z
′(ϕ)√
2Z3/2(ϕ)
α(φ) ,
β˜A(φ) =
∂α˜A(φ)
∂φ
=
2
Z(ϕ)
β¯A(ϕ)− Z
′(ϕ)√
2Z3/2(ϕ)
α˜A(φ) , (34c)
with the α and α˜A coefficients defined by Eqs. (29) and
β¯A defined by Eq. (9e).
IV. EQUATIONS OF MOTION
A. Einstein-Infeld-Hoffmann Lagrangian and
equations of motion
The equations of motion of a test mass T can be de-
rived using a variational principle from the matter ac-
tion (24). This procedure is similar to the one used
in [23–26]. The corresponding Lagrangian is given by
LT = −m∗T (φ)
(
−g∗00 − 2g∗0i
viT
c
− g∗ij
viT v
j
T
c2
)1/2
. (35)
The post-Newtonian expression of this Lagrangian is
obtained by expanding m∗T (φ) and using the post-
Newtonian solutions of the scalar field and the space-
time metric given by Eqs. (31). The Newtonian part is
therefore given by
LT,N = mT0
v2T
2
+mT0WT , (36)
where we introduced a novel Newtonian potential
WT =
∑
A 6=T
GATmA0
rAT
(37)
that depends on the following gravitational constant (see
also [24, 25])
GAT = G∗ (1 + α
∗
A0α
∗
T0) =
G
f0
(1 + α∗A0α
∗
T0) . (38)
The post-Newtonian contribution to the Lagrangian is
given by
c2
mT0
LT,pN =
v4
8
− 4viTW iT +
v2
2
WT + v
2UT −W
2
T
2
−∆T ,
(39)
7where we have now introduced
UT =
∑
A 6=T
γ˜AT
GATmA0
rAT
, (40a)
W iT =
∑
A 6=T
1 + γ˜AT
2
GATmA0v
i
A
rAT
, (40b)
∆T =
∑
A 6=T
GATmA0
rAT
[
−(γ˜AT + 1)v2A +
1
2
rAT .aA
+
(vA.aA)
2
2r2AT
+
∑
B 6=A
(2β˜ABT − 1)
GABmB0
rAB

(40c)
+
∑
A 6=T,B 6=T
(β˜TAB − 1)
GATmA0
rAT
GBTmB0
rBT
,
γ˜AT =
1− α∗A0α∗T0
1 + α∗A0α
∗
T0
, (40d)
β˜TAB − 1 =
β∗T0
2
α∗A0
1 + α∗A0α
∗
T0
α∗B0
1 + α∗B0α
∗
T0
, (40e)
where the coefficients α∗ are defined by Eqs. (29) and β∗
are defined by Eq. (34).
From the previous Lagrangian, the equations of motion
for a test particle T can easily be derived. They read
aT =∇WT +
1
c2
[
v2T∇UT − 2(WT + UT )∇WT −∇∆T
− 2 (vT .∇WT )vT − 2 (vT .∇UT )vT + 4∂tWT (41)
+ 4 (∇×WT )× vT − vT ∂tWT − 2vT∂tUT
]
.
This equation is a generalization of the EIH (Einstein-
Infeld-Hoffmann) equation of motion.
B. Simplifications for practical use
For most of applications (like tracking of spacecrafts
or planetary ephemeride analysis for example), the equa-
tions of motion presented previously can be simplified.
First of all, we will use the decomposition of the coeffi-
cients α∗A0 and β
∗
A0 introduced in Eqs. (29) and (34) into
two parts: a part that is composition independent α0
defined by Eq. (29b) and β0 defined by Eq. (34b) (com-
ing from the conformal transformation but also from the
composition independent part of the dilaton-matter cou-
pling) and a part that is composition dependent α˜A0 from
Eq. (29c) and β˜A0 from Eq. (34c). In the case of the lin-
ear Damour-Donoghue coupling presented in Sec. II A,
the coefficient β˜A0 vanishes. It is also interesting to re-
mark that the decoupling introduced in Sec. III A leads
to vanishing coefficients α0 and β0.
1. Simplification at the Newtonian level
This decomposition is important in order to identify
the observed gravitational parameters G˜m˜A of the dif-
ferent bodies. These gravitational parameters are deter-
mined through the motion of bodies around other bod-
ies (for example through the motion of planets around
the Sun or through the motion of satellites around a
planet). Therefore, these gravitational parameters need
to be identified in the Newtonian potential, i.e. in WT
given by Eq. (37). Let us decompose the gravitational
constant G˜AT from Eq. (38) as follows
GAT = G˜ (1 + δA + δT + δAT ) , (42)
where we introduced
G˜ = G∗
(
1 + α20
)
=
G
f0
(
1 + α20
)
, (43a)
δA =
α0α˜A0
1 + α20
, (43b)
δAT =
α˜A0α˜T0
1 + α20
. (43c)
Note that at the Newtonian level, the equations of mo-
tion can be derived from the Lagrangian
LT,N = mT0
v2T
2
+
∑
A 6=T
G˜mA0mT0
2rAT
(1 + δA + δT + δAT ) .
(44)
Usually, a violation of the universality of free fall is
parametrized in terms of a difference between the inertial
mass mI and the gravitational mass mG that reads as
follows [22, 23]
mGA
mIA
= 1 + δA . (45)
But it is important to notice that Eq. (44) shows that
this usual parametrization is not appropriate in general
for dilatonic theories because of the δAB coefficients.
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In general, one can write
δAB = δA
α˜B0
α0
= δA
α¯B0
D∗g0
′ − f ′0/2f0
. (46)
It is interesting to mention that D∗g0
′ ≫ α¯B0 because of
the coefficients involved in the dilatonic charges (6) that
appears in the expression of α¯B0 (9c) are small compared
to the ones in Eq. (9b). This reflects the fact that most
of the baryonic mass comes from the gluonic confinment
energy that is common to all baryons [5, 6]. Eq. (46)
shows that in most cases (if there is no cancellation in
5 Indeed, one should be careful with this expression when α0 = 0,
because then δA vanishes while δAB may not be zero.
8the denominator), this leads to δAB ≪ δA. Nevertheless,
the decoupling developed in Sec. III A leads to α0 = 0. In
that particular case, δA = δT = 0, while δAT 6= 0 cannot
be neglected and has to be considered 6.
In addition to the rescaling of the gravitational con-
stant introduced in Eq. (43a), the following rescaling of
the masses
m˜A = mA0(1 + δA), (47)
is unobservable. Using this rescaling leads to the Newto-
nian Lagrangian
LT,N = m˜T (1− δT ) v
2
T
2
+ m˜TWT , (48)
where the modified Newtonian potential is now given by
W˜T =
∑
A 6=T
G˜m˜A
rAT
(1 + δAT ) . (49)
Masses m˜A can be identified to what is sometimes called
“(passive) gravitational masses”.
2. Simplification at the post-Newtonian level
We can introduce the notations from Eqs. (42), (43)
and (47) into the first post-Newtonian contribution to
the Lagrangian from Eq. (39). Since the coefficients δA
and δAT are already appearing at the Newtonian level,
we can safely neglect them at the first post-Newtonian
order. This considerably simplify the post-Newtonian
Lagrangian that can be written as
c2
m˜T
LT,pN =
v4T
8
− 2(1 + γ˜)viTW i +
(1 + 2γ˜)
2
v2TW
− 2β˜ − 1
2
W 2 −∆− d∆T , (50)
where all the terms are given by
W =
∑
A 6=T
G˜m˜A
rAT
, (51a)
W i =
∑
A 6=T
G˜m˜Av
i
A
rAT
, (51b)
∆ =
∑
A 6=T
G˜m˜A
rAT
[
−(γ˜ + 1)v2A +
1
2
rAT .aA (51c)
+
(rAT .vA)
2
2r2AT
+ (2β˜ − 1)
∑
B 6=A
G˜m˜B
rAB
 ,
d∆T = 2
∑
A 6=T,B 6=A
dβ˜A
G˜m˜A
rAT
G˜m˜B
rAB
+ dβ˜TW 2 ,(51d)
γ˜ =
1− α20
1 + α20
=
Z0 − 2
(
D∗g0
′ − 12
f ′
0
f0
)2
Z0 + 2
(
D∗g0
′ − 12
f ′
0
f0
)2 , (51e)
β˜ − 1 = β0
2
α20
(1 + α20)
2
=
1− γ˜2
8
β0 , (51f)
dβ˜T =
β˜T0
2
α20
(1 + α20)
2
≈ β¯T0
Z0
α20
(1 + α20)
2
,
(51g)
with G˜, δA and δAT given by Eqs. (43) and m˜A given
by Eq. (47). The δA coefficient can now be expressed in
term of the γ˜ parameter as
δA =
1− γ˜
2
α˜A0
α0
. (51h)
Note that γ˜ = 1 implies δA = 0 but not necessarily δAT =
0. The potentials W , W i and ∆ are standard and the
coefficients γ˜ and β˜ can be identified as the standard PPN
parameters. One can note that although the parameter
γ˜AT from Eq. (40d) can be either one, less than one or
even more that one [39], the universal parameter γ˜ can
only be less than one or equal to one (in the decoupling
limit).
The correction to the Newtonian potential W˜T encode
the violation of the universality of free fall. Note however
that the d∆T term appearing at the post-Newtonian level
of the Lagrangian is new. This term appears only if there
is a non-linear matter-dilaton coupling (see Sec. II B)
which implies a non-vanishing β˜A0 coefficients as can be
seen from equations (34c). This term that is related to
the violation of the UFF at the first post-Newtonian
order can safely be neglected in most cases. It be-
comes important only when β¯T0α0/Z0 ≫ α¯T0 (which
happens for specific coupling functions characterized by
|D′′i0| ≫ |D′i0|).
3. Simplified equations of motion
Using the previous simplifications, the equation of mo-
tion (41) now becomes
6 In the decoupling limit, δAT 6= 0 is not obvious from Eqs. (46)
because in this form, δAB is written as a quotient of two terms
that go to zero at the decoupling limit. One should rather look
at Eq. (43c).
9aT = (1 + δT )∇W˜T +
1
c2
[
γ˜v2T∇W − 2(β˜ + γ˜)W∇W −∇∆−∇d∆T − 2(γ˜ + 1) (vT .∇W )vT (52)
+2(γ˜ + 1) (∇×W )× vT − (2γ˜ + 1)vT∂tW + 2(γ˜ + 1)∂tW ] .
The developed form of these equations are given by
aT =−
∑
A 6=T
G˜m˜A
r3AT
rAT (1 + δT + δAT )−QT (53)
−
∑
A 6=T
G˜m˜A
r3AT c
2
rAT
{
γ˜v2T + (γ˜ + 1)v
2
A − 2(1 + γ˜)vA.vT −
3
2
(
rAT .vA
rAT
)
− 1
2
rAT .aA
− 2(γ˜ + β˜ + dβ˜T )
∑
B 6=T
G˜m˜B
rTB
− (2β˜ + 2dβ˜A − 1)
∑
B 6=A
G˜m˜B
rAB
}
+
∑
A 6=T
G˜m˜A
c2rAT
[2(1 + γ˜)rAT .vT − (1 + 2γ˜)rAT .vA] (vT − vA) + (3 + 4γ˜)
∑
A 6=T
G˜m˜A
c2rAT
aA ,
where rAT = xT − xA. In this equation, we included a term QT that parametrizes a potential correction due to
the non-geodesic motion of celestial and artificial bodies. For celestial bodies it could be due, for example, to the
interaction of their quadrupole moments with the external masses [33, 35, 40, 41]. For spacecrafts it could be due,
for instance, to radiation pressure.
These are the standard PPN equations of motion (EIH
equations of motion) [23] with a modification of the New-
tonian force to include the violation of the equivalence
principle (encoded in WT or in the coefficients δT and
δAT ). Post-Newtonian terms also have small differences
compared to the standard EIH equations coming from
the d∆T term. These terms are non-negligible only in
the case of a non-linear matter-dilaton coupling charac-
terized by |D′′i0| ≫ |D′i0| (see the discussion in the previ-
ous section).
C. Nordtvedt effect
So far, we have neglected hypothetical effects due to
the extension and the gravitational self-energy ΩA of ce-
lestial bodies since the modeling used is based on a test
mass action. The full development in order to study these
effects would be to derive the equation of hydrodynamics
and reintegrate them over the bodies as it has been done
in the standard PPN framework in [23, 42]. Including a
violation of the Einstein equivalence principle in this for-
malism is beyond the scope of this paper. Nevertheless,
a simple heuristic argument allows one to show that the
main effect coming from the gravitational self-energy is
the usual Nordtvedt effect parametrized by [43]
mGA
mIA
= 1− ηN |ΩA|
mAc2
, (54)
where mGA refers to the gravitational mass (or passive
mass) and mIA refers to the inertial mass. This is a con-
sequence of a violation of the Strong Equivalence Princi-
ple (SEP). The idea is to introduce the sensitivity of the
extended body defined as [25, 26]
sA = −∂ lnmA
∂ ln G˜
, (55)
In the weak field limit, the sensitivity of a body is related
to its gravitational self-energy sA = |ΩA|/mAc2 [26, 44,
45]. It is possible to relate the sensitivity of the body to
the coupling αA(ϕ) defined as
αA =
∂ lnmA
∂ϕ
= −sA ∂ ln G˜
∂ϕ
= − |ΩA|
mAc2
∂ ln G˜
∂ϕ
. (56)
This term will be additional to the terms presented
in Sec. II that parametrizes a violation of the Ein-
stein equivalence principle. Therefore, the decomposition
(29c) will have an additional term and becomes
α˜A0 =
√
2
Z0
[
α¯A0 − |ΩA|
mAc2
∂ ln G˜
∂ϕ
]
, (57)
where the first term is unchanged and where the deriva-
tive from the second term can easily be evaluated by us-
ing Eq. (43a). The parameter δA introduced in Eq. (45)
as mGA/m
I
A = 1 + δA and whose expression is given by
Eq. (43b) will now have an aditional term given by
[δA]SEP = −(4β˜ − γ˜ − 3)
|ΩA|
mAc2
= −ηN |ΩA|
mAc2
, (58)
where the γ˜ and β˜ coefficients are the ones defined in
Eqs. (51). This expression shows that the leading con-
tribution of the gravitational self-energy of bodies is
parametrized by an additional term in the expression
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of δA that is parametrized by the Nordtvedt parameter
whose value is given by
ηN = 4β˜ − γ˜ − 3 , (59)
which is the standard expression of the Nordtvedt pa-
rameter in the PPN formalism [23, 42]. As mentioned in
the beginning of the section, the heuristic argument pre-
sented here allows to derive the main term appearing due
to gravitational self-energy but more subtile effects may
arise from a more complete hydrodynamical calculation.
For the purpose of this work, it is sufficient to consider
that gravitational self enery will produce an additional
contribution in the expression of δA that takes the form
given by Eq. (58).
D. Temporal evolution of the gravitational
constant
In Sec. IVA and IVB, all the quantities with a sub-
script 0 depend on the background value of the scalar
field ϕ0. This background value usually refers to the
cosmological value for the scalar field. This quantity is
therefore not strictly constant and will vary with time at
cosmological scales. This will produce further effects that
may affect the motion of celestial bodies. The question
of connecting the Solar System reference frame to the
cosmology within the dilaton theory is beyond the scope
of this paper. In order to do so, one would have to study
the cosmological behavior of the field equations before
matching the local reference frame to the cosmological
solution. This problem has been considered recently in
GR in [46].
Nevertheless, one can phenomenologically work out the
main features coming from a temporal variation of the
background scalar field. For that purpose, it is sufficient
to work with the standard Newtonian equation and keep
the leading term produced by a non-vanishing φ˙0 (where
the dot refers to the temporal derivative in terms of the
local time coordinates). At the Newtonian order, start-
ing with the Lagrangian from Eq. (36) and assuming that
mT0, mA0 and GAT depends on time through a depen-
dance on φ0, one can easily show that the equations of
motion will exhibit an additional term
aT ;ϕ˙0 = −
∑
A 6=T
d ln(GATmA0)
dt
∣∣∣∣
t0
(t− t0) GATmA0
r3AT
rAT
−d lnmT0
dt
vT , (60)
with t0 a reference time and where all time dependent
quantities have been evaluated at t0.
Using Eq. (38) and expressing the gravitational con-
stant in units defined by Eq. (17), one gets
d lnGATmA0
dt
=
[
2α0 + α˜A0 +
2α0β0
1 + α20
]
φ˙0
+
φ˙0
1 + α20
[
β0(α˜T0 + α˜A0) + α0(β˜T0 + β˜A0)
]
. (61)
Keeping only the leading terms leads to an additional
terms of the form
aT ;ϕ˙0 ≈− φ˙0(t− t0)
∑
A 6=T
(2α0 + α˜A0)
G˜m˜A0
r3AT
rAT (62)
− α˜T0φ˙0vT ,
that should be added to the standard equations of motion
from Eq. (53).
V. PROPAGATION OF LIGHT
In the geometric optic approximation, light follows
null geodesics even if there is a multiplicative coupling
between the electromagnetic (EM) Lagrangian and the
scalar field [47–49]. Since the EM Lagrangian is con-
formally invariant in four dimensions (equivalently since
light rays follow null geodesics defined by ds2 = 0), both
the Einstein and the original “string” frames can be used
to derive the propagation of light, they lead to the same
results. For example using Time Transfer Functions for-
malism [50, 51] at first post-Newtonian order, one can
show that the coordinate propagation time is given by
tR − tE = RER
c
+
RER
2c
∫ 1
0
[
h00 +N
i
ERN
j
ERhij
]
zα(λ)
dλ
+O(1/c4) , (63)
where E is the emission event, R is the reception event,
hµν = gµν − ηµν is the post-Minkowksian term of the
metric and where the integral is performed on a straight
line (parametrized by zα(λ)) between the emitter and the
receiver. Using any of the metric presented above (g∗µν ,
gµν or g¯µν), one gets
tR − tE = RER
c
+ 2
RER
c
∫ 1
0
w0∗ (z
α(λ)) dλ . (64)
Moreover, we have
w0∗ =
∑
A
G∗m
∗
A0
rA
=
γ˜ + 1
2
∑
A
G˜m˜A0(1− δA)
rA
. (65)
Therefore, propagation of light follows geodesic of the
standard PPN metric with an additional mass rescal-
ing. For example, the standard Shapiro delay for a single
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source now writes
δtShap = [1 + γ˜ − δA] G˜m˜A0
c2
× ln rE + rE + rER
rE + rR − rER (66a)
=
[
2 + (γ˜ − 1)
(
1 +
α˜A0
α0
)]
G˜m˜A0
c2
× ln rE + rE + rER
rE + rR − rER , (66b)
which shows that the γ˜ PPN measured with light prop-
agation is in theory slightly different from the one ap-
pearing in the equations of motion. Nevertheless, the
difference is numerically small since α˜A0/α0 ≪ 1 and in
most practical application, one can simply use the usual
PPN Shapiro delay formula.
VI. OBSERVABLES
In the two previous sections, we have carefully derived
the effects of a massless dilaton on celestial body equa-
tions of motion and on the propagation of light. Both of
these are know to be coordinate dependent and as such,
do not (necessarily) correspond to observable quantities.
In order to analyze observations, it is important to rely
on observables that are coordinate independent. The fact
that we are considering a theory that is breaking the Ein-
stein Equivalence Principle means that the expressions
of the observables in terms of the space-time metric are
not necessarily similar to their GR expressions. In this
section, we will derive different observables (in particu-
lar the ones that rely on observations made with accu-
rate clocks) and enlighten the difference between GR and
dilatonic theories.
A. Time measured by a specific clock
Because of the violation of the equivalence principle,
the time measured by a clock does not correspond nec-
essarily to the proper time dτ = −gµνdxµdxν appearing
in the action (3). The measured time becomes now de-
pendent on the composition of clocks and on the local
value of the scalar field. This is due to the breaking of
the equivalence principle and is known as a violation of
the Local Position Invariance [22, 23]. This can easily be
illustrated by an atomic clock that depends on a specific
atomic transition. For instance, Prestage et al. [52] and
later on Flambaum and Tedesco [53] give the dependency
of hyperfine transition based frequencies on fundamental
parameters such as the fine structure constant, the mass
of the electron or the mass of the proton. Since all of
those parameters depend on the value of the dilaton (as
mentioned in Sec. II), frequencies given by those clocks
will also depend on the dilaton field.
In general, let us condider a clock of internal composi-
tion I that is delivering a frequency νI(ϕ) that depends
on its internal composition and on the value of the scalar
field. The time given by this clock can therefore be writ-
ten as
dτˆI =
νI(ϕ0)
νI(ϕ)
dτ , (67)
where the first term encodes all the composition depen-
dence of the clocks and the second term is the standard
proper time of the space-time metric gµν that would be
observed if no violation of the Einstein Equivalence Prin-
ciple is considered. Note that this relationship defines a
new metric conformally related to the original one gµν
and to the Einstein frame one g∗µν by
gˆIµν =
(
νI(ϕ0)
νI(ϕ)
)2
gµν =
(
ν∗I (ϕ0)
ν∗I (ϕ)
)2
g∗µν , (68)
where we introduce the quantity ν∗I =
√
f(ϕ)/f0 νI .
Therefore, the clock I will measure the proper time re-
lated to this new metric. Similarly to the coefficients
αA(ϕ) introduced in Sec. II, it is natural to introduce
the following quantity
χI(ϕ) = −∂ ln ν
I(ϕ)
∂ϕ
. (69)
This quantity depends on the composition of the clock
I and has a similar role to the αA(ϕ) quantity defined
in Eq. (4). Therefore, it is also natural to introduce the
analogous of α∗A(ϕ) defined by Eq. (29), such that
χ∗I(φ) = −
∂ ln ν∗I
∂φ
(70a)
=
√
2
Z(ϕ)
(
χI(ϕ)− 1
2
f ′(ϕ)
f(ϕ)
)
. (70b)
It will be useful to introduce the quantity χ˜I(φ) (similar
to α˜A) defined by
χ∗I(φ) = α(φ) + χ˜I(φ) , (71a)
and that can be written as
χ˜I(φ) =
√
2
Z(ϕ)
[
χI(ϕ) −D∗g ′(ϕ)
]
. (71b)
The expression of the measured time is now given by
dτˆI =
ν∗I (φ0)
ν∗I (φ)
(
−g∗00 − 2g∗0i
vII
c
− g∗ij
viIv
j
I
c2
)1/2
dt . (72)
It turns out that the expression of dτˆI/dt is almost ex-
actly the same to the expression of the Lagrangian given
by Eq. (35) in Sec. IVA. Indeed, one only needs to replace
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α∗T by χ
∗
I . Therefore, the equations for the measured time
can be written as follows
dτˆI
dt
= 1− v
2
I
2c2
− WˆI
c2
(73)
+
1
c4
[
−v
4
I
8
− v2I
(
WˆI
2
+ UˆI
)
+ 4wj∗v
j
I +
Wˆ 2I
2
+ ∆˘I
]
,
with
WˆI =
∑
A
G∗mA0
rAI
(1 + α∗A0χ
∗
I0) (74a)
UˆI =
∑
A
G∗mA0
rAIc2
(1− α∗A0χ∗I0) , (74b)
∆˘I =
∑
A
G∗mA0
rAI
{
− 2v2A + (1 + α∗A0χ∗I0)
×
rAI .aA
2
+
1
2
(
rAI .vA
rAI
)2
+
∑
B 6=A
GABmB0
rAB
}
+
1
2
∂χ∗I
∂φ
∣∣∣∣
0
∑
A,B
G∗mA0α
∗
A0
rAI
G∗mB0α
∗
B0
rBI
(74c)
+ χ∗I0
∑
A
β∗A0
G∗mA0
rAI
∑
B 6=A
α∗B0
G∗mB0
rAB
.
1. Simplification for practical use
For applications, it is convenient to use a simplified
version of Eq. (73). The procedure to simplify this equa-
tion is similar to what has been performed in Sec. IVB
and consists to keep the terms violating the equivalence
principle only in the 1/c2 part. This simplification leads
to
dτˆI
dt
= 1− v
2
I
2c2
− WˆI
c2
+
1
c4
[
− v
4
I
8
− 2γ˜ + 1
2
v2IW
+ 2(γ˜ + 1)W jvjI +
2β˜ − 1
2
W 2 +∆+ ∆ˆI
]
, (75)
where WˆI is given by
WˆI =
∑
A
G˜m˜A
rAI
(
1 + δˆI + δˆIA
)
, (76)
with
δˆI =
α0χ˜I0
1 + α20
=
1− γ˜
2
χ˜I0
α0
, (77a)
δˆIA =
α˜A0χ˜I0
1 + α20
, (77b)
and the potentials W , W i and ∆ as well as the PPN
parameter γ˜ and β˜ are standard and given by Eqs. (51).
Finally, ∆ˆI is given by
∆ˆI = dβˆIW
2 + 2
∑
A,B 6=A
dβ˜A
G˜m˜A
rAI
G˜m˜B
rAB
, (78a)
with dβ˜A given by Eq. (51g) and
dβˆI =
1
2
∂χ˜I
∂φ
∣∣∣∣
0
α20
1 + α20
, (78b)
where
∂χ˜I
∂φ
∣∣∣∣
0
=
2
Z0
[
χ′I0 −D∗g0′′
]− Z ′0√
2Z
3/2
0
χ˜I0 . (78c)
2. Expression of the couplings in the case of a clock
working on a hyperfine transition
The coupling χI(ϕ) related to a clock I working on an
atomic transition is simply given by [54, 55]
χI(ϕ) = −∂ lnEI(ϕ)
∂ϕ
, (79)
where EI is the expression of the transition energy as
a function of the dilaton field. In the case of a clock
working on a hyperfine transition, the expression of the
transition energy as a function of fundamental param-
eters (electron charge, mass of particles, . . . ) is given
in [53, 56] and reads
EIhyperfine ∝
m2e
mp
α4+KrelEM
(
mˆ
Λ3
)κq (ms
Λ3
)κs
, (80)
where me and mp are the electron and proton mass re-
spectively, mˆ is the mean value of the light quark masses
(up and down), ms is the mass of the strange quark
and αEM is the fine structure constant. Krel comes from
the Casimir factor and reads (at the s-wave approxima-
tion7) Krel = (ZαEM)
2(12λ2−1)/(λ2(4λ2−1))−1, where
λ = [1−(αEMZ)2]1/2, while κq and κs come from the nu-
clear magnetic moment and are computed in [53]. Until
now, since we used Damour and Donoghue microphysi-
cal model [6], we neglected possible contributions from
strange quarks. In order to be coherent with the rest
of the paper we shall continue to neglect such contribu-
tion in the following. Their contribution is nevertheless
only one order of magnitude smaller than the contribu-
tion from light quarks [53]. The derivative of the previous
formula gives
χI(ϕ) = αp(ϕ)− 2D′me(ϕ)− (4 +Krel)D′e(ϕ),
− κq(D′mˆ(ϕ) −D′g(ϕ)) , (81a)
7 Numerical many-body calculations give more accurate results
[57].
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where the functions Di(ϕ) are the dilaton-matter cou-
pling functions introduced in Sec. II.8 Therefore, one may
have to consider strange quarks’ effects in future analy-
sis. αp is related to the proton composition and is given
by 9 (see Appendix A)
αp(ϕ) = D
′
g(ϕ) + 0.037(D
′
mˆ(ϕ)−D′g(ϕ)) (81b)
−0.0017(D′δm(ϕ) −D′g(ϕ))
+5.5× 10−4(D′me(ϕ) −D′g(ϕ))
+6.8× 10−4D′e(ϕ) .
Introducing this expression in Eq. (71b) gives
χ˜I(φ) =
√
2
Z(ϕ)
[
α¯p − 2D′me(ϕ) (81c)
− (4 +Krel)D′e(ϕ)− κq(D′mˆ(ϕ)−D′g(ϕ))
]
,
where α¯p is given by
α¯p(ϕ) = αP −D∗g ′(ϕ) (81d)
= −0.056(D′mˆ(ϕ)−D′g(ϕ))
−0.0017(D′δm(ϕ)−D′g(ϕ))
+5.5× 10−4(D′me(ϕ)−D′g(ϕ))
+4.1× 10−4D′e(ϕ) .
B. Range
The range is obtained as a difference of measured time
given by two clocks (or even one in special configurations
like when light is reflected before going back to where
it originated, such as in lunar laser ranging for instance
[58]). let us assume that the signal is emitted by a clock
CE of composition E characterized by χE . Similarly, the
signal is received by a clock CR whose composition is
characterized by χR. The measured time provided by CE
and CR are given by τˆE and τˆR which are given by the
integration of Eq. (75). In general, the range is therefore
given by
R = τˆR(tR)− τˆE(tE) , (82)
where tR and tE are the coordinate reception and emis-
sion time of the electromagnetic signal and are related
through Eq. (64).
8 Let us remind that in a linear coupling model like the one from
[6], one has D′i(ϕ) = di.)
9 The difference with the numerical application of Eqs. (9) lies in
the fact that Eqs. (9) is an approximation that is not suitable
for protons. See Appendix A.
let us now consider a particular situation where the
same type of clock C is used at the emission and at the re-
ception and where the EM signal is doing a round trip10.
In this case, the range R is given by
R = τˆC(tR)− τˆC(tE)
= τˆC(tR)− τˆC(tR)− (tE − tR)dτˆC
dt
= (tR − tE)− 2RER
c3
(
WˆC +
v2C
2
)
= RPPN − 2RER
c3
∑
A
G˜m˜A
rAC
(
δˆC + δˆCA
)
, (83)
whereRPPN is the expression of the range in the standard
PPN formalism and where the δˆC and δˆCA are depending
on the constitution of the clock C through Eq. (77).
C. Doppler
let us now focus on the frequency shift. Following the
methodolgy of [59], we can write the frequency shift as
νR
νE
=
dτˆE
dτˆR
=
dτˆE
dt
∣∣∣∣
t=tE
(
dτˆR
dt
∣∣∣∣
t=tR
)−1
dtE
dtR
, (84)
where the expression of the dτˆ/dt are given by Eq. (75)
and the dtE/dtR can be computed from the PPN metric
as usual (see Sec. V). This gives
νR
νE
=
1− WˆEc2 −
v2E
2c2
1− WˆRc2 −
v2
R
2c2
× qR
qE
(85)
=
1− WEc2 −
v2E
2c2 −
∑
A
G˜m˜A
c2rAE
(
δˆE + δˆEA
)
1− WRc2 −
v2
R
2c2 −
∑
A
G˜m˜A
c2rAR
(
δˆR + δˆRA
) × qR
qE
,
where WE/R are the standard Newtonian potential at
the emission/reception events and the ratio qR/qE is due
to corrections arising from the transmission of the signal
between the two clocks. It includes standard Doppler
corrections as well as corrections related to the Shapiro
delay. This term is computed from the PPN metric and
is given for instance in [51, 59].
D. Angular separation
In general, astrometric observations measure the angu-
lar separation between two celestial bodies or stars. The
observable in this case is defined as the scalar product
of the two wave vectors at the event of reception (see
10 It could be for example the tracking of spacecrafts measured with
a “DSN station-spacecraft-DSN station” link.
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for example [40]). Let us denote by kµ and (k′)µ be the
two wave vectors tangent to the two light rays. The an-
gular separation θ between these two light rays is given
by [51, 60, 61]
sin2
θ
2
= −1
4
[(
g∗00 + 2g
∗
0kv
k + g∗klv
kvl
)
gij∗ (kˆi − kˆ′i)(kˆj − kˆ′j)
(1 + kˆmvm/c)(1 + kˆ′lv
l/c)
]
R
, (86)
where the bracket is evaluated at the reception event and
where kˆi = ki/k0. This expression is clearly conformally
invariant. Following the discussion from Sec. V, the kˆi
quantities can be computed from the PPN metric (or to
be rigourous from the PPN metric with rescaled masses
m˜A(1 − δA)). After introducing the expression of the
metric, one finds
sin2
θ
2
=
1
4

(
1− 2(1 + γ˜)WRc2 −
v2R
c2
)
|kˆ − kˆ′|2
(1 + kˆ.vR/c)(1 + kˆ′.vR/c)
 . (87)
This expression is exactly the one from the PPN met-
ric [51], which shows that the reduction of astrometric
observables can safely be done using the standard PPN
formalism.
VII. APPLICATIONS
The goal of this section is to apply all the relations
developed above to different applications and is devoted
to data analysis. All the post-Newtonian phenomenol-
ogy developed so far depends on a a large numbers of
parameters: f0, f
′
0, f
′′
0 , ω0, ω
′
0, ω
′′
0 , φ˙0 and the 5 matter-
dilaton coupling functions Di0 and their derivatives. It
is illusory to think that weak field observations are able
to determine all of these parameters.
For data analysis, it is much more appropriate to con-
sider the following combinations of parameters:
• first, two universal parameters
α0 =
√
2
Z0
[
D∗g0
′ − 1
2
f ′0
f0
]
, (88a)
β0 =
2
Z0
[
D∗g0
′′ − 1
2
f ′′0
f0
+
1
2
(
f ′0
f0
)2]
− Z
′
0
Z
3/2
0
α0√
2
.
(88b)
• In addition to these two parameters, one needs to
introduce the following parameters for each bodies
(or for each type of bodies only in order to simplify
the problem)
α˜A0 =
√
2
Z0
α¯A0, (88c)
β˜A0 =
2
Z0
β¯A0 − Z
′
0√
2Z
3/2
0
α˜A0 , (88d)
recalling that α¯A is given by Eq. (9c) and β¯A by
Eq. (9e).
• Finally, one needs to consider one additional pa-
rameter χ˜I0 by type of clocks used to make obser-
vations. In the case of an atomic clock working on
a hyperfine transition, this parameter is related to
the fundamental parameter through
χ˜I0 =
√
2
Z0
[
α¯p0 − 2D′me0 (88e)
− (4 +Krel)D′e0 − κq((D′mˆ0 −D′g0)
]
,
where α¯p is given in Eq. (81d), while Krel and κq
are given in [53].
From these parameters, it is possible to compute the
universal PPN parameters
γ˜ =
1− α20
1 + α20
, (89a)
β˜ = 1 +
α20
(1 + α20)
2
β0 , (89b)
but also the following parameters that are specific for
each body and that parametrize a violation of the equiv-
alence principle
δA =
α0α˜A0
1 + α20
− (4β˜ − γ˜ − 3) |ΩA|
mAc2
, (89c)
δAT =
α˜T0α˜A0
1 + α20
, (89d)
dβ˜A =
α20
(1 + α20)
2
β˜A0 , (89e)
where the second part of δA parametrize a violation of
the Strong Equivalence Principle (Nordtvedt effect, see
Sec. IVC). Finally, the following parameters related to
clocks can also be computed
δˆI =
α0χ˜I0
1 + α20
, (89f)
δˆIA =
α˜A0χ˜I0
1 + α20
, (89g)
dβˆI =
α20
(1 + α20)
2
χ˜′I0 . (89h)
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All the quantities defined in Eqs. (89) are sufficient to
analyze weak field data. The idea is to use parameters
from Eqs. (88) as fundamental parameters in the data
analysis and to constrain them from diverse observations
involving quantities that are developed in Eqs. (89).
A. Universality of free fall in the lab
One way to test the universality of free fall is to mea-
sure the differential acceleration between two test bodies
in the gravitational field of another one (typically the
Earth). These tests have currently reached a level of ac-
curacy of the order 10−13 [9]. Let us denote by “E” the
source of the gravitational field and by “B” and “C” the
two test masses. From Eq. (52), a test particle B evolving
in the gravitational field generated by the body “E” will
experience an acceleration aB = ∇W (1 + δB + δEB) at
the Newtonian level. Therefore the relative acceleration
of two particles falling in the field of the body E reads
η =
(
∆a
a
)
BC
≡ 2 |aB − aC ||aB + aC | ≈ |δB − δC + δEB − δEC |
=
∣∣∣∣α0(α˜B0 − α˜C0)1 + α20 + α˜E0(α˜B0 − α˜C0)1 + α20
∣∣∣∣ (90)
=
1− γ˜
2
∣∣∣∣ α¯B0 − α¯C0α0
∣∣∣∣+ 1 + γ˜2 |α˜E0(α˜B0 − α˜C0)| .
This first term in this equation is similar to the one
found in [6]. In general, this first term is the dominant
one. Nevertheless, there exists a decoupling limit (see
Sec. III A) when α0 vanishes. In this case, the first term
vanishes and only the second term plays a role in the
violation of the universality of free fall.
As usual in scalar-tensor theories, a decoupling occurs
when Z0 →∞, which corresponds to α0 → 0 and α˜A0 →
0 as can be seen from Eq. (29). In this limit, equivalence
principle violations tend to become unobservable. Also,
let us remind that for a family of coupling functions, Z is
dynamically driven toward infinity during the evolution
of the universe [3, 47, 62–65].
B. Comparison of two different atomic clocks at
the same position
An interesting experiment consists in asserting the ra-
tio of the frequencies delivered by two different types of
clocks located at the same position B. In this kind of
experiment, the ratio of the frequencies of the two clocks
depends only on the value of the scalar field. The ob-
servable is therefore given by
νI(ϕB)
νJ(ϕB)
=
νI(ϕ0)
νJ(ϕ0)
[
1 +
∂ ln νI/νJ
∂ϕ
∣∣∣∣
0
(ϕB − ϕ0)
]
=
νI(ϕ0)
νJ(ϕ0)
[
1 +
WˆI − WˆJ
c2
]
(91a)
=
νI(ϕ0)
νJ(ϕ0)
[
1 +
∑
A
G˜m˜A
c2rAB
(
δˆI − δˆJ + δˆIA − δˆJA
)]
.
(91b)
The term νI(ϕ0)νJ (ϕ0) is constant and unobservable as long as
ϕ0 is considered constant. It plays a role when one con-
siders a temporal variation due to cosmological evolution
of the scalar field (see Sec. VII B 3). Different temporal
signatures can be used to constrain the dilatonic cou-
plings: a linear drift due to a cosmological evolution of
the scalar field which is encoded in the νI(ϕ0)/νJ(ϕ0)
terms or some periodical variations due to the evolution
of the potentials WˆJ and WˆI (typically annual and side-
real frequencies).
1. Other parametrization used in data analysis
Instead of using the frequency parametrization given
by Eqs. (81), it is common to parametrize the ratio
between two atomic frequencies by using three con-
stants [13]: kα, kµ and kq related to the fine structure
constant αEM, to µ = me/mp and to the ratio mˆ/Λ3.
A fractional variation of any atomic frequency therefore
writes
d ln
νI
νJ
= kαd lnαEM + kµd lnµ+ kqd ln(mˆ/Λ3) , (92)
where the three coefficients ki depend on the atomic fre-
quencies considered and are given by atomic and nuclear
structure calculations [53, 66–68].
Using this parametrization, one finds
∂ ln νI/νJ
∂ϕ
=χJ(ϕ) − χI(ϕ) = kµ
(
D′me(ϕ)− αp(ϕ)
)
+ kαD
′
e(ϕ) + kg
(
D′mˆ(ϕ)−D′g(ϕ)
)
, (93)
with αp given by Eq. (81b). This quantity appears di-
rectly in Eq. (91a) since
δˆI − δˆJ =
√
2
Z0
α0
1 + α20
[χI0 − χJ0] , (94a)
δˆIA − δˆJA =
√
2
Z0
α˜A0
1 + α20
[χI0 − χJ0] . (94b)
2. Periodical evolution of the frequencies ratio
Any variation of the ratio of two atomic frequencies can
be related to the variation of the gravitational potential
16
as shown by Eq. (91a). Therefore, any periodic modula-
tion of the gravitational potential due to orbital motion
or to Earth rotation can be searched in measurements
and used to constrain the dilaton/matter couplings by
using Eq. (91b).
For instance, assuming that the gravitational potential
of the Sun W⊙ is the dominant gravitational source, one
gets from Eq. (91b)
δ
(
ln
νI
νJ
)
=
(
δˆI − δˆJ + δˆI⊙ − δˆJ⊙
) δW⊙
c2
, (95)
where one can either use the definition of the δˆ coefficients
from Eqs. (77) and (81) or use the expressions (94) with
Eq. (93).
As the Earth moves on an ellipse around the sun, the
gravitational field of the Sun varies on Earth such that
one should expect annual variations of the frequency ra-
tios. Several null experiments have put constraints on
such variations [13, 69, 70]. Using the parametrization
introduced in Eq. (92) and a combination of observations
of different types of frequencies ratios, it has been pos-
sible to produce individual constraints on the variation
of the fine structure constant αEM, of µ = me/mp and
of mˆ/Λ3. These constraints are very easily linked to the
dilaton/matter couplings
d lnαEM
dW⊙
= −
√
2
Z0
α0 + α˜⊙
1 + α20
D′e0
= (0.32± 0.46)× 10−6 , (96a)
d lnµ
dW⊙
=
√
2
Z0
α0 + α˜⊙
1 + α20
(αp0 −D′me0)
= (−0.23± 2.0)× 10−6 , (96b)
d ln(mˆ/Λ3)
dW⊙
=
√
2
Z0
α0 + α˜⊙
1 + α20
(D′g0 −D′mˆ0)
= (−3.07± 5.58)× 10−6 , (96c)
where the variations given here are with respect to the
gravitational potential W⊙. The numerical values are
taken from [71].
In particular, it is interesting to mention that these
combinations are different from the ones appearing in
UFF experiments. In particular, the coupling D′e0 that
influences very weakly UFF experiments has a direct in-
fluence in the comparison of clocks. Moreover, while the
coupling D′me0 does not strongly influence UFF experi-
ments, it is always constrained by comparison of clocks.
3. Cosmological and astrophysical effects
As already mentioned in Sec. IVD, the background
value of the dilaton field ϕ0 can actually vary on astro-
physical and cosmological scales. In particular, it can
vary in time depending on the cosmological evolution of
the dilaton field (the cosmological evolution of the dila-
ton field has been explored for example in [3, 47, 72]).
Therefore, it is also interesting to search for other varia-
tions in the ratio of the two clocks’ frequency δ ln(νI/νJ).
Usually, the community is searching and constraining lin-
ear drifts in the frequency ratio [13, 69, 70, 73]. This
drift comes from the νI(ϕ0)/νJ(ϕ0) term of Eqs. (91)
and writes
d ln νI/νJ
dt
= (χJ0 − χI0)ϕ˙0 = (χ˜J0 − χ˜I0)φ˙0 , (97)
where the difference of the coefficients χI0 is given by
Eq. (93) or the χ˜I0 coefficients are given by Eqs. (81).
Using the parametrization introduced in Eq. (92) and a
combination of observations of different types of frequen-
cies ratios, it has been possible to produce individual
constraints on the temporal variation of the fine struc-
ture constant αEM, of µ = mp/me and of mˆ/Λ3. These
constraints are very easily linked to the dilaton/matter
couplings
d lnαEM
dt
= D′e0ϕ˙0
= (−0.24± 0.23)× 10−16yr−1 , (98a)
d lnµ
dt
= (αp0 −D′me0)ϕ˙0
= (1.11± 1.39)× 10−16yr−1 , (98b)
d ln(mˆ/Λ3)
dt
= (D′mˆ0 −D′g0)ϕ˙0
= (58.5± 29.5)× 10−16yr−1 , (98c)
where the numerical values are taken from [71]. However,
in order to make a connection between those constraints
and the cosmological evolution, one would still need to
match the cosmological time with the local coordinate
time. This difficult task is out of the scope of the present
paper (see also the discussion in Sec. IVD).
In addition, it has recently been proposed to search for
oscillations with arbitrary frequencies in models where
the dilaton plays also the role of Dark Matter [74, 75] (in
these papers, a potential is nevertheless introduced).
C. Test of the gravitational redshift
A measure of the gravitational redshift between two
clocks located in two different gravitational field is also
considered as a test of the Local Position Invariance, a
facet of the Einstein Equivalence Principle [22, 23]. The
best current test has been performed by comparing a
clock in a rocket with a clock on ground [10] and con-
straint the gravitational redshift at the level of 10−4.
Several propositions have been made to improve this
test using GNSS Galileo 5 and 6 satellites [76] or with
the Atomic Clock Ensemble in Space (ACES) experi-
ment [77].
Using Eq. (85), we can write the gravitational redshift
as
∆ν
ν
∣∣∣∣
grav
=
νR − νE
νE
∣∣∣∣
grav
=
WˆR − WˆE
c2
, (99)
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where Wˆ is the modified Newtonian potential introduced
in Eq. (76). Usually, deviation from GR is parametrized
by a dimensionless parameter Υ,11 such that
∆ν
ν
∣∣∣∣
grav
= (1 + Υ)
∆W
c2
, (100)
with ∆W = WR −WE the difference of the Newtonian
potentials as experienced by the emission and reception
clocks. But it has to be stressed that this parametrization
is not ideal in the case of the dilaton theories since it does
not parametrize Eq. (99) in the general case.
Nevertheless, it is possible to make the link between
the two formalisms for some specific situations. Let us
consider a clock orbiting Earth whose frequency will be
compared to the frequency of a clock located on Earth
(this corresponds to the tests proposed with the Galilelo
5 and 6 spacecrafts [76] and to ACES [77]). In that par-
ticular case, the gravitational redshift becomes
∆ν
ν
∣∣∣∣
grav
=
G˜m˜⊕
r⊕
(
1 + δˆR + δˆR⊕
)
− G˜m˜⊕
rE
(
1 + δˆE + δˆE⊕
)
,
(101)
where m˜⊕ is the Earth mass, the subscript R refers to the
receiving clock which is located on Earth and E refers to
the emitting clock which is orbiting on an elliptical orbit.
For the test proposed with Galilelo spacecrafts [76], only
the variable part of the gravitational redshift is used to
constrain deviations from GR, the constant part is not
observed. In this case, the dependance on the receiving
clock disappears and one can safely identify the estimated
Υ with δˆE + δˆE⊕. On the other hand, when the clock
PHARAO on ACES will be compared to similar clocks
on the ground, then 1 + δˆE + δˆE⊕ can be factorized out
in Eq. (101) and one also recovers Υ = δˆE + δˆE⊕.
Using the Galileo satellites, we expect to estimate the
Υ parameter with an accuracy at the level of 3×10−5 [76]
while ACES should reach an accuracy at the level of 10−6.
The estimations can directly be translated into con-
straints on the matter/dilaton couplings using Eqs. (77)
and (88e). Therefore, the order of magnitude of the
constraints on the dilaton/matter couplings that will be
reached with ACES are similar to the ones obtained by
comparison of two clocks in the lab (see Sec. VII B 2).
On the overall, constraints from clocks comparison are
weaker than the ones from universality of free fall. How-
ever, one has to stress that they constrain another combi-
nation of the fundamental parameters. Such combination
is given by Eq. (88e) while UFF experiments give access
to the combination in Eq. (88c). One can see that exper-
iments involving clocks are highly sensitive to D′me0 and
11 In Will’s formalism [22, 23], it is written as α but since we already
have a lot of α in this document, we decided to use another
notation.
D′e0; while UFF experiments are more sensitive to D
′
g0
and toD′mu0 andD
′
md0
(see also the discussion in the con-
clusion of [78]). Combining different type of experiments
gives a way to disentangle the fundamental parameters
D′i0 that appear in the combinations (88c) and (88e).
D. Planetary and asteroids ephemerides
Planetary ephemerides analysis is a very powerful tool
to test gravitation and to constrain extensions of GR.
They have been used to constrain deviations from GR
(see for example [14–17, 19–21]). On the other hand,
observations of asteroids performed by the GAIA space-
craft [79, 80] and with radar observations [81] will also
provide nice opportunities to constrain deviations from
GR.
No clean tests of dilatonic theory has been performed
using planetary or asteroids ephemerides so far. Instead
of fitting standard PPN parameters in the equation of
motion and in the propagation of light, we think it is
more appropriate to fit the parameters summarized by
Eqs. (88) and that are related to the fundamental param-
eters of the theory through this set of equations. Then,
from these parameters, one can compute the coefficients
defined by Eqs. (89). These will appear in the mod-
ified equations of motion given by Eq. (53). In addi-
tion to this, one needs to consider the modification of
the Shapiro delay which appear in the ranging observa-
tions. The expression of the Shapiro delay is now given
by Eq. (66a). Finally, there is an additional effect that
needs to be taken into account in the reduction of ranging
observations: the modifications of the range observables
as developed in Sec. VIB. The range observations used in
planetary ephemerides are always two-ways range mea-
surements (DSN station-spacecraft-DSN station). There-
fore, it is sufficient to consider the additional term from
Eq. (83). This terms depends on the composition of the
clocks used in DSN station. Note that astrometric mea-
surements do not need a similar modifications as men-
tioned in Sec. VID. Then, the parameters defined by
Eqs. (88) can be fitted with all the observations used
with planetary ephemerides.
Note that in planetary ephemerides analysis, the Sun
gravitational parameter (G˜m˜) is a parameter of the fit.
On the other hand, the masses of planets appearing in
the equations of motion (53) are fixed to values deter-
mined by the motion of satellites (natural or artificial)
orbiting around them. Therefore, these masses may also
be affected by a violation of the equivalence principle.
Indeed, let assume that the mass of the planet j (m˜j) is
determined through the motion of a satellite sj orbiting
around it. That means that the measured mass is in fact
the product m˜j(1 + δj + δjsj ) which means that if one
wants to be completely rigorous, the masses of the plan-
ets in Eq. (53) should be replaced by m˜j(1 − δj − δjsj )
where m˜j is the mass determined by the motion of a
satellite sj around the planets j.
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E. Ephemerides of satellites
The equations of motion (53) expressed in a barycen-
tric reference frame are adapted to describe the motion
of planets and asteroids around the Sun (see previous
section) but are not optimal for integrating the motion
of satellites around a planet. It is much more suitable
to use an expression of the equations of motion cen-
tered around the planet. There are two ways of deriving
these equations. The first possibility consists in working
with barycentric coordinates and work with the planet-
satellite vector, whose evolution equation is given by the
difference of the barycentric equations of motion of the
satellite and of the planet. The other possibility consists
in constructing a proper local reference system (with a
rescaling of the coordinates) and express the equations of
motion in such a local frame. In GR, the theory of refer-
ence frames has been developed by Brumberg and Kope-
jkin [33, 40, 41, 82] and by Damour, Soffel and Xu [31].
This theory of reference frames has been extended to the
PPN formalism in [34, 38]. Note that from a theoretical
point of view, the use of a local reference frame is much
more elegant but in practice, barycentric coordinates are
still widely used in practical data analysis. This is the
reason why we will present both approaches.
The motion of satellite (natural or artificial) can also
be used to constrain modifications of GR. Around the
Earth, the motion of the Moon is regularly used to con-
strain the PPN parameters with Lunar Laser Ranging
(LLR) observations [83, 84]. In addition, the LAGEOS
and LARES spacecrafts around the Earth are also used
to measure relativistic effects such as the Lense-Thirring
effect and to constrain GR extensions [85]. In the same
spirit, satellites around other planets (natural and space-
craft) can also be considered to test gravitation.
In the following, we will develop both approaches:
first, we will derive the satellites equation of motion in
barycentric coordinates and second, we will make use of
a local planetocentric reference frame.
1. Barycentric equation of satellites’ motion
The procedure followed to express the equations of mo-
tion is similar to the one from [33, 41]. We decompose
each of the terms appearing in Eq. (52) in two parts: one
part related to the planet P around which the satellite is
orbiting and one part denoted by a bar which denote the
external contribution. More precisely, we use
W = UP + U¯ , (102a)
W i =W iP + W¯
i , (102b)
∆ = ∆P + ∆¯ , (102c)
while we will neglect the dβ˜T contributions in this sec-
tion. As mentioned in Sec. IVB2, this term is important
only when |D′′i0| ≫ |D′i0| and therefore can be neglected
in most situations.
The satellite barycentric coordinates with respect to
the planet is given by x = xS − xP and follow the equa-
tions of motion
d2xi
dt2
= − G˜
r3
xi
[
m˜P (1 + δS + δPS) + m˜S(1 + δP + δSP )
]
+QiP −QiS + T i(x(t),xS(t)) + δT i(xS ,xP )
+
1
c2
3∑
n=1
(ϕin + g
i
n) + ϕ˜
i
2 , (103)
where the first term is the Newtonian force from the
planet (corrected because of the violation of the EEP),
the second termQiP−QiS represents the correction for the
non-geodesic BCRS motion of the planet P and the satel-
lite S. Note that for artificial satelites one has m˜S = 0.
The following term is the standard Newtonian tidal in-
teraction given by
T i(x,xS) = U¯,i(xS)− U¯,i(xP ) (104)
= −
∑
A 6=P,A 6=S
G˜m˜A
[
xAS
r3AS
− xAP
r3AP
]
≈ −
∑
A 6=P,A 6=S
G˜m˜A
r3AP
(
x− 3xAP (xAP .x)
r2AP
)
,
with xAS = xS − xA. The last term is a correction to
the tidal term due to the violation of the EEP. It reads
δT i = −
∑
A 6=P,A 6=S
G˜m˜A
[
xAS
r3AS
(δS + δAS)− xAP
r3AP
(δP + δAP )
]
≈ −
∑
A 6=P,A 6=S
G˜m˜A
r3AP
xAP (δS + δAS − δP − δAP ) .
(105)
The first relativistic corrections appearing in the equa-
tion of motion are due to the gravitational field of the
planets and are given by
ϕi1 =
G˜m˜P
r3
[(
2(β˜ + γ˜)
G˜m˜P
r
− γ˜v2
)
xi
+ 2(1 + γ˜)(x.v)vi
]
, (106a)
gi1 =
G˜m˜P
r3
{
xi
[
2vp.v + v
2
p +
3
2
(vp.x
r
)2]
+ vP .x v
i
}
,
(106b)
where the first part is the standard PPN Schwarzschild
correction and the second term is a term due to the mo-
tion of the planet (i.e. due to a Lorentz contraction).
We will see that this term is a coordinate effect that can
be removed by using a suitable planetocentric reference
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frame. The second relativistic terms are given by
ϕi2 = −2(β˜ + γ˜)
{
UP
[
U¯,i(xP + x)− U¯,i(xP )
]
(106c)
+ UP,i
[
U¯(xP + x)− U¯(xP )− U¯,k(xP )xk
]}
,
ϕ˜i2 = −(4β˜ − γ˜ − 3)U¯(xP )UP,i −
4β˜ − γ˜ − 3
2
UP,ia
k
Px
k
− 4β˜ − γ˜ − 3
2
UPa
i
P , (106d)
gi2 = −(3γ˜ + 2)U¯(xP )UP,i −
5γ˜ + 4
2
UP,iaP .x− γ˜
2
UPa
i
P ,
(106e)
where aiP = U¯,i(xP )−QiP is the Newtonian acceleration
of the planet. We will neglect terms of the order Qi/c
2.
The first term corresponds to relativistic non-linear cou-
plings which have tidal form. The second term is absent
in GR and corresponds to Eq. (8.7) from [38] and has
already been derived in [86]. The observability of this
term has been studied in [86, 87]. As we will see, terms
in gi2 are coordinate effects that can be removed by using
a proper local reference frame.
Finally, the last terms are given by
ϕi3 =
[
− 2(β˜ + γ˜)U¯ U¯,i − ∆¯,i + γ˜(vkp + vk)(vkp + vk)U¯,i
− 2(1 + γ˜)(vkp + vk)W¯ k,i + 2(1 + γ˜)vkW¯ i,k
+ 2(1 + γ˜)
∗
W¯ i − (2γ˜ + 1)
∗
U¯(viP + v
i)
− U¯,k(viP + vi)(2(1 + γ˜)vk + vkP )
]xP+x
xP
, (106f)
gi3 = −(1 + 2γ˜)vi ˙¯U(xP ) + U¯,i(xP )(2vkP vk + v2)
− U¯,k(xP )
[
2(1 + γ˜)(vkvi + viP v
k) + vivkP
]
+ 2(1 + γ˜)W¯ i,k(xP )v
k − 2(1 + γ˜)W¯ k,i(xP )vk , (106g)
where the dot denots the total time derivative and the
star means the total time derivative under constant xk
˙¯U
∣∣∣xP+x
xP
=
∗
U¯
∣∣∣∣xP+x
xP
+ vkU¯,k(xP + x) . (106h)
These equations are a generalization of the ones that can
be found in [33, 41]. The detailed expressions of the po-
tentials and their derivatives is given explicitely in Ap-
pendix B.
2. Planetocentric equation of satellites motion
Instead of working with the equations of motion ex-
pressed in terms of barycentric coordinates, one can use
local planetocentric coordinates. They have the advan-
tage to be more appropriate to describe the gravita-
tional physics in the surronding of the planet. In the
PPN formalism, the coordinate transformation between
the BCRS and a local planetocentric reference frame has
been derived in [34, 38] and writes
T = t− 1
c2
[
SP (t) + v
k
Px
k
]
+O(1/c4) , (107a)
X i = xi +
1
c2
[(
1
2
viP v
k
P + qF
ik
P +D
ik
P
)
xk (107b)
+DijkP x
jxk
]
+O(1/c4) ,
with12
S˙P =
1
2
v2P + U¯(xP ) , (107c)
DikP = γ˜δikU¯(xP ) , (107d)
DijkP =
γ˜
2
(
δija
k
P + δika
j
P − δjkaiP
)
, (107e)
F˙ ikP =
(1 + 2γ˜)
2
(
viP U¯,k(xP )− vkP U¯,i(xP )
)
− (1 + γ˜) (W¯ i,k(xP )− W¯ k,i(xP )) (107f)
+
1
2
viPQ
k
P −
1
2
vkPQ
i
P .
where capital letters design local coordinates. The pa-
rameter q defines the type of reference system used:
q = 0 characterizes a kinematically non-rotating sys-
tem and q = 1 characterizes a dynamically reference sys-
tem [33, 41].
Using this coordinates transformation, one can trans-
form the equations of motion (103) and express them in
a local planetocentric reference frame. The procedure
used is similar to the one described in Sec. 8 of [33] (see
also [41]). The first step consists in transforming the
left-hand side of the equation of motion by using the
transformation of coordinates from Eqs. (107) to obtain
in computing d2X i/dT 2 = d2xi/dt2 + ∆i1/c
2. The ex-
pression of ∆i1 is given in [41] (see also Eq. (8.22) of
[33]). The second step consists in transforming the right-
hand sides of Eq. (103) to the new variables X and T
(see Eqs. (8.24-8.29) from [33]). This makes appear an-
other correction ∆i2 whose expression is given in [33, 41].
Keeping only the leading terms related to the violation
of the EEP gives the following planetocentric equations
12 Note that here, we use the transformation from [38] which dif-
fers from the ones from [34] by the γ˜ coefficient in Dijk. This
corresponds to a choice of gauge, see the discussion in [34].
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of motion
d2X i
dT 2
= − G˜
R3
X i
[
m˜P (1 + δS + δPS) + m˜S(1 + δP + δST )
]
+QiP −QiS + T i(xS(t∗),xP (t∗)) + δT i(xS ,xP )
+
1
c2
(
ϕi1 + ϕ
i
2 + ϕ˜
i
2 +Φ
i
rot +Φ
i
el +Φ
i
mg
)
.
(108)
The time t∗ appearing in the tidal term is the TCB cor-
responding to the GCRS coordinates (T,X = 0), which
is solution of T = t∗ − SP (t∗)/c2 (see the discussion in
[82])13. A tedious but straightforward calculation (sim-
ilar to the ones from [33, 41]) allows one to show that
the coordinate transformation compensates exactly the
terms gi1 and g
i
2 and to derive the expression of the other
terms. The Φirot terms are coriolis terms appearing if one
express the local equation of motion in a kinematically
non-rotating reference frame
Φirot = 2(q − 1)F˙ ikP V k + (q − 1)F¨ ikP Xk . (109)
The Φimg contains the gravito-magnetic terms that are
dependent on the satellite velocity
Φimg = Ai(xP +X)−Ai(xP ) + 2γ˜a˙kPV kX i +
[
(2γ˜ + 1)a˙kPV
i − 2γ˜a˙iPV k
]
Xk , (110a)
where in all the 1/c2 terms, the barycentric position xP , velocity vP and acceleration aP of the planet are evaluated
at the TCB t = T and with
Ai(x) = [2(γ˜ + 1)vkp + V k]V kU¯,i(x)− 2(1 + γ˜)viPV k + 2(1 + γ˜)V kW¯ i,k − 2(1 + γ˜)V kW¯ k,i − (1 + 2γ˜) ∗U¯(x)V i .
(110b)
The last term in the equation of motion Φel is the gravito-electric term that does not depend on the velocity of the
satellite. It is given by
Φiel =Bi(xP +X)− Bi(x)−
[
1
2
vkP v
m
P X
m + qF kmP X
m + γ˜U¯(xP )X
k + γ˜XkXmamP −
γ˜
2
XmXmakP
]
U¯,ik(xP +X)
+
[
aiPa
k
P + (1 + γ˜)
˙¯W k,i (xP )− (1 + γ˜) ˙¯W i,k(xP ) + (1 + γ˜)viP a˙kP − γ˜vkP a˙iP
]
Xk
+ γ˜ ¨¯U(xP )X
i + γ˜a¨kPX
kX i − γ˜
2
a¨iPX
kXk + T i,t(xP +X,xP )v
k
PX
k , (111a)
with
Bi(x) =− 2(γ˜ + β˜)U¯(x)U¯,i(x)− ∆¯,i +
[
(1 + γ˜)v2P + (2 + γ˜)U¯(xP ) + (2 + γ˜)a
k
PX
k
]
U¯,i(x) + 2(1 + γ˜)
∗
W¯ i(x)
+
[
− 1
2
viP v
k
P + qF
ik
P + γ˜a
k
PX
i − γ˜aiPXk
]
U¯,k(x)− (1 + 2γ˜)
∗
U¯(x)− 2(1 + γ˜)vkP W¯ k,i(x) . (111b)
The expressions of the potentials appearing above and
their derivatives are given in Appendix B. The last term
in Eq. (111a) is due to the choice of the coordinate time
t∗ at which we evaluate the tidal term in the Newtonian
part of the equation of motion (see the discussion in [82]
for further information). In the GR limit, these equa-
tions recovers the ones from [33, 41, 82]. Note that the
13 As mentioned in [82], one can use t the TCB related to (T,X)
in the Newtonian tidal term. Doing this will modify slightly the
expression of Φel but leads to complications for practice use.
equations presented here are a simplified version of the
ones developed in [34, 38] where the full development of a
proper reference frame in the PPN formalism taken into
account the internal structure of the bodies is performed.
The previous equation can be used to analyse data
from observations of satellites (artificial and natural) or-
biting around planets. The term given by Eq. (106d)
vanishes in GR. This term shows that the external grav-
itational field in which a system is embedded influenced
the internal dynamics of the systems (in addition to the
standard tidal interaction). This feature is a character-
istic of a violation of the strong equivalence principle. In
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our case, it appears as a coupling between the satellite
orbit and the orbit of the planet around which it orbits.
This term allows one to constrain gravitation as men-
tioned in [31]. Nevertheless, one has to be careful since
the leading term in ϕi2 is highly correlated to the mass of
the planet. Let us illustrate this fact by taking a planet
P orbiting around a central mass M˜ with D the position
of the planet with respect to this central mass. Then,
the first term from Eq. (106d) is given by
(4β˜ − γ˜ − 3) G˜M˜
Dc2
G˜m˜P
r3
xi . (112)
In the case where the planet P has a nearly circular orbit
around the central mass, this term can be absorbed in
a redefinition of the planet mass m˜P and therefore is
difficult to measure. It is therefore highly important to
fit the mass of the planet in this kind of analysis and to
be careful about these expected correlations.
Note that the equations of motion are only one part
of the modifications that need to be included in the data
analysis. One needs also to consider the effects on the
propagation of light as mentioned in Sec. V and the mod-
ification of the expression of the observables, especially in
the case of a range measurement (see Sec. VIB), which is
common for Lunar Laser Ranging and ranging to space-
craft (around Earth and around other planets).
Finally, since the external gravitational field in which
a system is embedded can have an impact on its internal
dynamics, it is fair to wonder if one can use the effect of
our Galaxy on the Solar System dynamics. In the PPN
formalism, our Galaxy will produce an additional term
in the planetary equation of motion given by Eq. (106d).
The leading term is highlighted in Eq. (112). Unfortu-
nately, even if the order of magnitude of this term is
above the current observations accuracy, it is completely
correlated to the Sun mass and is not measurable. The
other terms in Eq. (106d) are smaller by a ratio r/D and
therefore are too small to constrain the PPN parameters.
F. Very Long Baseline Interferometry
Very Long Baseline Interferometry (VLBI) observa-
tions can also be used to constrain alternative gravitation
theories [88]. The observable quantities in VLBI observa-
tions are recorded signals measured in the proper time of
station clocks. A correlator then transform signals into a
difference of coordinate Terrestrial Times (TT) related to
two reception events of the same signal. If we denote by
1 and 2 the two stations that record an electromagnetic
signal, the observables are τˆ1 and τˆ2 given by the inte-
gration of Eq. (75). In the standard procedure described
into detail in Chapter 11 of the International Earth Ref-
erence System conventions [89], these proper times are
transformed into TT times and afterwards into Barycen-
tric Coordinate Times (TCB). The difference of the two
TCB times can be computed from the incident direction
of the electromagnetic signal and include the differential
Shapiro delay [89].
The dilaton theories considered in this paper will pro-
duce two effects that may impact VLBI observations.
First, the propagation of light will be modified as men-
tioned in Sec. V, which will produce a modifiaction of
the differential Shapiro delay that can be parametrized
by the standard PPN parameter γ˜ (and if one wants to be
rigorous by a rescaling of the mass, see the discussion in
Sec. V). In addition to this standard effect, the violation
of the EEP will affect the time measured by real clocks
that is now given by Eq. (75). Therefore, the transfor-
mation between the time given by the two local clocks
and TCB times will now be given by the solution of
τˆi = τPPN(ti) + δτˆi(ti) , (113)
where τPPN is the expression of the proper time as a func-
tion of TCB in the standard PPN formalism (note that
the γ˜ parameter enters the coordinate transformation be-
tween the geocentric reference frame and the barycentric
one [89] as can be seen from Eqs. (107)). The second term
of the last expression is the contribution coming from the
violation of the EEP which is given by the integration of
dδτˆi
dt
= −
∑
A
G˜m˜A
c2rAi
(
δˆi + δˆiA
)
, (114)
where the expressions of the δˆ coefficients are given by
Eqs. (77). If one makes a decomposition of the TCB as
ti = ti,PPN+δtˆi where ti,PPN is the TCB computed in the
standard PPN formalism solution of τˆi = τPPN(ti,PPN)
and the δtˆi terms is coming from the violation of the
EEP. An expansion of Eq. (113) leads to
δtˆi = − δτˆi(ti,PPN)dτPPN
dt
∣∣
ti,PPN
≈ −δτˆi(ti,PPN) +O(1/c2) . (115)
Therefore, the modeling of the TCB time difference in
the dilaton theories is now given by
t1 − t2 = [t1 − t2]PPN + δτˆ2 − δτˆ1 , (116)
where the first part is the standard PPN model [89]
that includes the γ˜ contribution in the transforma-
tion between reference frames and the Shapiro delay
parametrized by the same PPN parameter. The second
part modeled the violation of the EEP and depends on
the composition of the two clocks. The amplitude of this
second modification depends on how and how often VLBI
local clocks are synchronized.
VIII. SPECIFIC CASES
In this section, we will take some particular cases of
the action (10) and show we recover standard results.
Moreover, the case of the decoupling limit presented in
Sec. III A will be considered into detail.
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A. Brans-Dicke-like theories
Brans-Dicke-like theories are characterized by f(ϕ) =
ϕ, ω(ϕ) and all Di(ϕ) = 0 (no violation of the Einstein
equivalence principle) which leads to Z(ϕ) = (2ω(ϕ) +
3)/2ϕ2. This leads to
γ˜ =
1 + ω0
2 + ω0
, (117)
which the standard result [27]. Similarly the observed
Newton constant is given by
G˜ =
G
ϕ0
(
1 +
1
2Z0
(
f ′0
f0
)2)
=
G
ϕ0
2ω + 4
2ω + 3
, (118)
which is standard too. And finally, the PPN β is given
by
β˜ = 1 +
ϕ0ω
′
0
4 (ω0 + 2)
2
(2ω0 + 3)
. (119)
B. Damour and Donoghue
The Damour-Donoghue action is characterized by
f(ϕ) = 1, ω(ϕ) = 2ϕ which leads to Z(ϕ) = 2 and
the masses depends linearly on the scalar field so that
β˜A0 = 0. The expressions from [6] are recovered from
the formulas developed in this paper. In particular, one
finds to the expression of the observed gravitational con-
stant given by
G˜ = G(1 + d∗g
2) , (120)
and a modification of the Newtonian potential character-
ized by
W˜T =
∑
A
G˜m˜A
rAT
(
1 + d∗gα¯T + α¯T α¯A
)
. (121)
The relative acceleration between two test particles in
an external gravitational field generated by a body E
therefore writes(
∆a
a
)
BC
≈ (d∗g + α¯E0)(α¯B0 − α¯C0) . (122)
At the same time, the PPN parameter is given by
γ˜ =
1− d∗g2
1 + d∗g
2 . (123)
Therefore, from observational constraints on the post-
Newtonian γ˜ parameter (|1 − γ˜| . 10−5 [90]) one knows
that d∗g . 2.10
−3.
C. Phenomenology of a model with a decoupling
As already mentioned in Sec. III A, a decoupling sce-
nario occurs when the scalar-Ricci coupling (the function
f(ϕ) in the action) and the scalar-matter coupling (char-
acterized by the functions Di(ϕ)) are related through
Eq. (15). This decoupling is similar to the decoupling
studied in [28] where a simple effective multiplicative cou-
pling between the scalar field and the rest mass energy
density was considered.
In the framework of dilaton theories, the decoupling
introduced in Sec. III A leads to α0 = β0 = 0, which
means that the PPN parameters take exactly their GR
values γ˜ = β˜ = 1. This result is independent of the
function ω(ϕ) appearing in the action (10). In addition,
the parameters encoding the leading terms related to a
violation of the UFF δA vanishes exactly as well as can
be seen from Eq. (43b). In this case, the violation of
the UFF will be characterized by δAT as can be noticed
from the Newtonian part of Eq. (53). Therefore, the
η parameter introduced in Sec. VIIA to characterize a
violation of the UFF between two bodies B and C falling
in a gravitational field generated by E becomes
ηdec ≈ |δEB − δEC | = |α˜E0(α˜B0 − α˜C0)| , (124)
where the coefficients α˜A0 are defined by Eq. (29c). In
this particular case, a violation of the UFF is still ex-
pected even though the values of the PPN parameters
are exactly the same as in GR.
This decoupling and several variations of it are studied
in details in [8].
IX. CONCLUSION
In this paper, we have derived the post-Newtonian phe-
nomenology of a general dilaton theory where the dilaton-
matter coupling is the microscopic model proposed by
Damour and Donoghue [5, 6]. In addition, we consider a
general dilaton-Ricci coupling and a general dilaton ki-
netic term. This generalization allows one to exibit a de-
coupling scenario studied in details in [8]. This scenario
turns out to be interesting in the sense that observational
deviations from GR predictions are strongly reduced. In
particular, the standard PPN parameters take exactly
their GR values and violations of the UFF is strongly re-
duced. Therefore it may play a role in the explanation of
the non detection of a UFF violation so far; while a lot
of theoretical developments seem to point out that this
principle should be violated at some level [91].
In addition, we presented all the equations needed in
order to analyze observations within a dilaton framework
in order to produce constraints on this GR extension. As
mentioned in the introduction, dilaton theories produce
two types of effects: violations of the EEP and modifi-
cations parametrized by the PPN formalism. Both these
effects need to be taken into account simultaneously in
23
the data reduction in order to produce clean constraints
on this type of theory. We therefore presented equations
of motion of celestial bodies in a barycentrice reference
frame (useful for planetary and asteroids ephemerides)
and in a planetocentric reference frame (useful for the
motion of satellites – artificial or natural – around a
planet), the equations of the light propagation which has
implication on light deflection, on range and Doppler and
finally the equation of evolution of the proper time de-
livered by a specific clock. All these equations can be
used in order to analyze data like for example: clocks
comparison in order to test the gravitational redshift,
planetary ephemerides analysis, development of aster-
oids ephemerides, motion of artificial satellites around
Earth, Lunar Laser Ranging, spacecraft tracking, Very
Long Basline Interferometry, tests of the universality of
free fall . . .
We insist on the fact that different types of experi-
ment are sensitive to different fundamental parameters.
For example, tests of the UFF are highly sensitive to
the coupling between the dilaton and the quark masses
(characterized by the parameters dmu and dmd) and to
the QCD mass scale (characterized by the parameter dg);
while experiments using clocks are more sensitive to the
coupling with the electron mass (dme) and coupling with
the fine structure constant (de). It is therefore impor-
tant to keep doing different types of experiment in order
to derive the stringent constraints on this kind of theory.
It has to be mentioned however that in this study
we used the usual dust field approximation in order to
model matter. This is motivated by the work of Damour
and Donoghe [6] which derived the link between the the
(semi-)fundamental matter Lagrangian (2) and its ef-
fective point particles realization (3). But because of
the non-minimal scalar-matter coupling, one can expect
non-trivial effects when considering fluids with pressure
[28, 29, 47]. A careful extension of the results presented
in this study for pressureful cases could be the next step
in the study of dilaton post-Newtonian phenomenology.
However several theoretical issues have to be addressed
first. Indeed, because of the non-minimal scalar-matter
coupling, parts of the material Lagrangian appear ex-
plicitly in the field equations and it is therefore a diffi-
cult task to derive from first principle the value of these
on-shell parts when one eventually wants to consider ef-
fective pressureful fluids. This problem is left for further
studies.
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Appendix A: More accurate coupling coeficients
Equation (5) is an approximation that is suitable most
of the time. However, it is not suitable for nucleons or
for light isotopes for instance. Indeed, Z/A = 1/2 has
been used to derive (5). Therefore, it is important to
remind what the most complete formulae is. When the
contributions of strange quarks are neglected it is given
in [6]. If one implements non-linear couplings as well, it
becomes:
αA = D
′
g(ϕ) + α¯A (A1a)
with the decomposition
α¯A = [(D
′
mˆ(ϕ)−D′g(ϕ))Qmˆ + (D′δm(ϕ) −D′g(ϕ))Qδm
+(D′me(ϕ)−D′g(ϕ))Qme +D′e(ϕ)Qe]A, (A1b)
where Qka are given by
Qmˆ = FA
[
0.093− 0.036
A1/3
− 0.020(A− 2Z)
2
A2
−1.4× 10−4 Z(Z − 1)
A4/3
]
, (A1c)
Qδm = FA
[
0.0017
A− 2Z
A
]
, (A1d)
Qme = FA
[
5.5× 10−4 Z
A
]
, (A1e)
and
Qe = FA
[
−1.4 + 8.2Z
A
+ 7.7
Z(Z − 1)
A4/3
]
× 10−4. (A1f)
The factor FA denotes FA ≡ Amamu/mA (it can be
replaced by one in lowest approximation) [6]. One re-
covers Eqs. (9) by setting Z/A = 1/2, neglecting the
third term in (A1c), neglecting (A1d) and assuming
D′δm(ϕ) ∼ D′mˆ(ϕ) ∼ D′me(ϕ). Since in most of the paper
we parametrize the coupling coefficients by D′∗g (ϕ) and
α¯P (Eqs. (9)), it is interesting to give the link between
the two parametrizations. It simply reads
α¯A = α¯A +D
′
g(ϕ)−D′∗g (ϕ) (A2)
= α¯A − 0.093
(
D′mˆ(ϕ)−D′g(ϕ)
) − 0.000 27D′e(ϕ).
Appendix B: Quantities appearing in the equations
of satellite motion
The goal of this section is to write explicitly all the
quantities appearing in the satellite equations of motion
derived in Sec. VII E. First of all, the decomposition of
the potentials from Eq. (102) leads to the following ex-
pressions
UP (x) =
G˜m˜P
rP
, (B1a)
U¯(x) =
∑
A 6=P
G˜m˜A
rA
, (B1b)
W iP (x) =
G˜m˜P
rP
viP , (B1c)
W¯ i(x) =
∑
A 6=P
G˜m˜A
rA
viA (B1d)
∆P (x) =
G˜m˜P
rP
[
− (1 + γ˜)v2P +
1
2
rP .aP
+
1
2
(
rP .vP
rP
)2
+ (2β˜ − 1)U¯(xP )
]
, (B1e)
∆¯(x) =
∑
A 6=P
G˜m˜A
rA
[
− (1 + γ˜)v2A +
1
2
rA.aA
+
1
2
(
rA.vA
rA
)2
+ (2β˜ − 1)U¯(xA)
]
, (B1f)
where rP = x− xP and rP = |x− xP |.
The following derivatives appear in the equations of
motion
UP,i(x) =− G˜m˜P
r3P
riP , (B2a)
UP,t(x) =
G˜m˜P
r3P
rkP v
k
P , (B2b)
U˙P (x) =− G˜m˜P
r3P
rkP (v
k − vkP ) . (B2c)
The derivatives of the vector potential are given by
W iP,k(x) =−
G˜m˜P
r3P
rkP v
k
P (B2d)
W˙ iP (x) =−
G˜m˜P
r3P
rkP (v
k − vkP )viP +
G˜m˜P
rP
aiP , (B2e)
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while the derivative of ∆P is given by
∆P,i(x) =
G˜m˜P
r3P
riP
[
(1 + γ˜)v2P −
1
2
rP .aP − (2β˜ − 1)U¯(xP )
+
3
2
(rP .vP
r
)2 ]
+
G˜m˜P
r3
rkP v
k
P v
i
P +
G˜m˜P
2rP
aiP .
(B2f)
The derivatives of the bare potentials are similar
U¯,i(x) =−
∑
A 6=P
G˜m˜A
r3A
(xi − xiA) , (B3a)
˙¯U(x) =−
∑
A 6=P
G˜m˜A
r3A
rkA(v
k − vkA) , (B3b)
¨¯U(x) =−
∑
A 6=P
G˜m˜A
r3A
[
(vk − vkA)(vk − vkA)
+ rkA(a
k − akA)− 3
(
rkA(v
k − vkA)
rA
)2 ]
, (B3c)
W¯ i,k(x) =−
∑
A 6=P
G˜m˜A
r3A
rkAv
i
A , (B3d)
˙¯W i(x) =−
∑
A 6=P
G˜m˜A
r3A
rkA(v
k − vkA)viA +
G˜m˜A
rA
aiA ,
(B3e)
˙¯W i,k =−
∑
A 6=P
G˜m˜A
r3A
[
rkAa
k
A + (v
k − vkA)vkA
]
(B3f)
+ 3
∑
A 6=P
G˜m˜A
r5A
rkAv
i
Ar
j
A(v
j − vjA) , (B3g)
and
∆¯,i(x) =
∑
A 6=P
G˜m˜A
r3A
riA
[
(1 + γ˜)v2A − (2β˜ − 1)U¯(xA)
− 1
2
rA.aA +
3
2
(
rA.vA
rA
)2 ]
+
∑
A 6=P
G˜m˜A
r3A
rkAv
k
Av
i
A +
∑
A 6=P
G˜m˜A
2rA
aiA . (B3h)
The expression of the acceleration of the planets P and
their time derivatives are also required
aiP =U¯,i(xP )−Qi = −
∑
A 6=P
G˜m˜A
r3AP
riAP −Qi , (B4a)
a˙iP =−
∑
A 6=P
G˜m˜A
r3AP
[
viAP − 3
riAP r
k
AP v
k
AP
r2AP
]
− Q˙i , (B4b)
a¨iP =−
∑
A 6=P
G˜m˜A
r3AP
[
aiAP − 6
viAP r
k
AP v
k
AP
r2AP
− 3r
i
AP v
2
AP
r2AP
− 3riAP
rkAP a
k
AP
r2AP
+ 15riAP
(
rkAP v
k
AP
r2AP
)2 ]
− Q¨i .
(B4c)
